Theorem 90. (Taylor’s Theorem) Let f : (a,b) C R — R be n times differentiable on the

open interval (a,b). For all x,x + h € (a,b)

n—1

floth) = f@)+ 3 @ + en(e) (20)

k=1

where e, (z) = L f™(x + AR)A™ for some X € (0,1).

n!

Proof. Let y = x + h and define F(2) = f(y) — f(2) — 31—, Lf®(2)(y — z)*. The theorem

says that for some x + A(y — ) (strictly) between x and y

—_

3

F(a) = f(o+ 1) = (@) = 3 HFO @bt = 2 /0 + My — )y — )"

1

T

Observe that F'(y) = 0 and

FO(2) = —fO(e) = fO()y = 2) + () = SOy = 2+ SOy = 2) -

" _1 1)!f(n)(z)(y — )" D)y — ) = — G _1 1>!f(n)(z)(y _g)ynl
Next, define G(z) = F(z) — (g:;)nF(;ﬂ) Note that G(z) = F(x) — F(z) = 0, G(y) =

F(y) =0 and

GO (2) = FO(2) — n(—1) (y - z>n_1 Pz)

y—T y—r
By Theorem , there exists A € (0, 1) such that G (z + A(y — x)) = 0. But

R L R o e L

implies

S (x4 My — 2))

(n_1>‘ (y_x_ACg_'x))nil:n

(1/—56—A(y—%’))"_1 F(x)

Yy—x

f e+ My —=) _ Fla)

-1 (y—or F(z) = %f(”)(ﬁk(y—w))(y—w)"-
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Remark 25. The term denoted by e,(x), i.e., the difference f(z+h)—f(x)—> LLf L) (x)h*

15 usually called the “remainder” term in Taylor’s Theorem. The particular structure as-
sumed by the remainder in this case is known as the LaGrange form of the remainder. Other

expressions exist for this difference.

The next two theorems provide alternative forms of the remainder in Taylor’s Theorem.
The proof of the next theorem relies on Riemann integration and the fundamental theorem
of calculus, which we have not yet studied. Thus, you can postpone its reading. The proof
of the second theorem, which is omitted in these notes, depends additionally on Fubini’s

Theorem, which will be studied when we deal with abstract integration in Econ 7818.

Theorem 91. If [ satisfies the conditions in theorem [90, we have

n—1 1 z+h Sn—1
flx+h) = +Zk'f’“) z)hF + / / / F™(s,)dsy, - - - ds;
k=1

Proof. The proof is by induction. First, by the fundamental theorem of calculus, f(x+h) —
z) = [T fO(s1)ds,. Similarly, f0(s) = )+ [ f@(s5)ds, and this gives

z+h S1
@+ h) = f(z) + FO@)h+ / / £ (s5)dsads,.

Continuing in a similar fashion, we have

x+h
o+ h) = f(2) + fO@)h+ O / / / dssdssdss + -

z+h
+ f("l)(x)/ / / dsy, - - - dsads,
z+h
/ / / sn Ydsy, « - - dsads;.

It is easy to verify by induction that forh fsl e f:’“’l dsy - - - dsads; = };C—If (verify it trivially
for k = 1, assume it holds for k& and show that it holds for k£ + 1), which proves the theorem.

]
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Theorem 92. (Taylor’s Theorem with error in Cauchy form) If f satisfies the conditions

in Theorem [9(, we have

n—1

Flo ) = Fa) + 3 S n +

k=1

1
(n—1)!

x+h
/ FO @) (@ + h— )" dy.

16.3 Gateaux and Fréchet differentiability

We first consider extending the notion of a differentiability for functions defined on R" and

taking values in R.

Definition 60. Let S be an open subset of R™ and f : S — R. The directional derivative of

f in the direction uw € R™ at x is defined by the following limit, whenever it exists,

D u) = lim 5 (o -+ hu) — £ ()

where h € R — {0}, [jullg = 1.

The limit D f(x; u), whenever it exists, clearly depends on = and the direction u. There is
no need to define a norm or a metric on R™ to obtain D f(z;u). When u is a unit coordinate

vector, i.e.,

u'=e¢/=(0 -~ 010 - 0),

with the number 1 on the i*" position, we have the partial derivative of f with respect to its

it" argument. In this case, we denote this particular directional derivative by

0
5 (@) = lim 3 (7 + ) = £(2).
Remark 26. 1. The vector V f(z) = ( a%f(x) %f(x) ) is called the gradient of f

at x.

2. If f is linear, the limit always exists and does not depend on x, only on u. In this case
D f(z;u) = f(u).
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3. It is clear that if Df(x;u) exists in all directions u, then all partial derivatives exist.

The converse, however, is not true. For example, let f : R? — R

| 4z, tfr1=00rz=0
o1, 22) = { 1 otherwise.

By definition

of
2

Thus, g—{((O, 0)) = lim 1 (h — 0) = 1. Similarly, % (0,0) = 1. Thus, the partial

() = Df(: (1,0)) = T 3 (F(a + o 22) = f0,22))

derivatives exists at (0,0).

Now, consider a direction uw = (uy,us) where uy,us # 0. Now, letting 6 = (0,0) we

have

FO+hw) = £6) _ f(hu)—fO) 1-0 1
h h h h

as h — 0. Hence, no directional derivative for u # 0 exists.

4. It is interesting that existence of all directional derivatives at a certain point x does
not imply continuity of the function at that point. This is, of course, in contrast to the
case of functions defined on the real line, where the existence of a deriwative at a point
implies continuity. For example, let f : R? — R with

f(x) = f(ar,22) = { éfﬁgv if 11 # 0

0, otherwise.
Then,
FO+h) — f6)  flhu)  wud
h h u? + huj
and,
PO ) = £O) [ 5 ifuy £ 0
m = u1 '
h—0 h 0, otherwise.

Therefore, Df(0;u) exists at 0 for all directions. But note that f(x3,xs) = % for all
Ty, except when xy = 0, where f(x3,x9) = 0. Hence, f is discontinuous at 0 in spite

of the fact that all directional derivatives exist at 6.
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We now give two more general definitions of differentiability.

Definition 61. (Gateaux differential) Let x € D C X, f: D C X — (Y,||-|]yv), v € X and
h € R —{0}. If the limit

exists, d4(x;w) is called the Gateaux differential of f at x with increment w. If it exists for

all u € X, we say that f is Gateaux differentiable at x.

The set {W} © C Y and as mentioned above, the limit in the definition
heR—{0

means that for all € > 0 there exist d(¢) > 0 such that whenever |h| < §(e)

1
Wﬂf(x +hu) = f(x) = hég(z;u)|y <e
Also, for fixed x € D, d,(z;u) can be thought of as a function from X (u € X) to Y. Here,

there is no need to have a norm on X.

Definition 62. (Fréchet differential) A function f: D C (X,| - ||x) — (Y, ] - ||v), where
D is an open set, is Fréchet differentiable at x € D if for each h € X there exists 6 f(x, h)

which s linear and continuous with respect to h, taking values in Y such that

lim 1f(z+h) — f(z)—6f(z,h)|y

= 0.
e 1h]lx

If f is Fréchet differentiable everywhere in D, we say that f is Fréchet differentiable on D.

df(z, h) is called the Fréchet differential of f at x with increment h.

Remark 27. 1. Since the Fréchet differential is linear and continuous on X with respect
to h (for fized x), by Theorem[{§ it is bounded. That is, 6 f(z,h) € B(X,Y) C L(X,Y)
as a function of h (h #0).

2. In general, we can write that there exists a bounded linear function A, (indexed by

x € D) that acts on h € X so that 0 f(x,h) = A,(h). A, (or A(x)) can be viewed as a
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function from D C X to the space of bounded linear functions from X to Y. That is,
for every x we have an A(x) € B(X,Y) that operates on h € X to produce an element
of Y. We call A(x) the Fréchet derivative of f at x and denote it by f'(x). That is,
1D — B(X,Y) with §f(z,h) = f'(x)(h).

3. By Theorem[{, if dim(X) = n and dim(Y) = m, with n,m € N, the space L(X,Y) is
isomorphic with M™*™. Hence, there exists a unique matriz A(x) := f'(x) such that

df(z,h) = A(z)h.

4. Differentiability, as given on Definition[57, is a special case of Fréchet differentiability.
In that case, D = (a,b) C X = R and differentiability at x € (a,b) meant that the

following limat,

Lo f ) — f (@)

h—0 h ’

denoted by fY)(x), exists. But this implies that

<f(x+h) — f(=) —hf“)(w)) ~ lim (@) =0

h h—0

lim
h—0

., . ey . E(z,h)
Therefore, the definition of differentiability requires that =3~ — 0 as h — 0.

5. We say that the Fréchet derivative f' : D — B(X,Y) is continuous at xq if for all e > 0
there exists 6(xg, €) > 0 such that || f'(z) — f'(z0)||s < € whenever ||z —xol|x < 6(xo, €).
If ' is continuous on an open ball B C X we say that [ is continuously differentiable

on B. Note that the norm || - ||g is a norm on B(X,Y).

For example, suppose f: D C (X, - |lx) = (R,|-]). The space of all bounded linear
functions from X to R (B(X,R)) is called the normed dual of X and denoted by X*.
Therefore, f' € X*. If X =R", f'(z) = A(x) a 1 x n vector.

6. Note that here, continuity follows from differentiability since if
fx+h)= f(x)+ A(z)h + E(z,h) and }Llirtl)f(l’ + h) = f(x)
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since A(x)h — 0 as h — 0 and E(x,h) — 0, by differentiability.
Theorem 93. If a function f has a Fréchet differential, it is unique.

Proof. Suppose that §f(z, h) and ¢ f(z, h) satisfy the requirements of Definition Then,

16 (z, h) = &' f(a, B)| = 1f (x + R) — f(x) = &'f(x,h) — (f(z + h) = f(x) = 6f(x, h))]
< |f@@+h) = flx) = ' f(z, h)l| + [f(x + h) — f(z) = 0f(x,h)|
= o([|Al)-

Since 0 f(x, h) — &' f(z, h) is bounded and linear in A, its norm must be zero. O

Theorem 94. If the Fréchet differential of f exists at x, then the Gateauz differential exists

at x and they are equal.

Proof. Let 0 f(x,h) be the Fréchet differential. By definition, for any h

o 1@+ ah) = f(@) = f (2 ah)]

a0 ]l

=0.

Since 0 f(x, ah) is linear we have d f(z,ah) = ad f(z, h). Hence,

||f (@ + ah) = f(x) — 5 (z,ah)]| L [|a =0 — agf (a, b))

1 = lim —
a0 lah] a0 [ 1]
[atah)=f(=) _ 5ein p
g Fl, b))
a0 1]

and the last equality implies that

[z +ah) — f(x)

a

lim Hf

a—0

—of(x,h)|]| =0 or liir(l) =0f(x,h) =0d,f(z,h).

(x +ah) — f(x)
]

Theorem 95. If f : D C X — Y, where D is an open set has a Fréchet differential at x,

then f is continuous at x.
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Proof. Given any € > 0, by definition of a limit, there exists a ball centered at = such that

for x + h in the ball we have

1f(z+h) = f(x) = 6f(z,h)| <Al (21)
Consequently,
[f(z+h) = f@)ll = lf(z +h) = f(z) = 0f (@, h) + 0 f(z,h)]|

< |If(x+h) = f@) = 0f (@, W)l + |0 (x, )
< [|plle + CllAll = M[A]],

where the last inequality follows from equation and the fact that 0 f(x, h) is a bounded

linear function of h. 0
Theorem 96. Let f: D C R™ — R™, where D is an open set and

fl@)' = () fz) -~ fnl2))
with f; : D CR™ — R. Then,

1. f is Fréchet differentiable at x if, and only if, f; is Fréchet differentiable at x for all

i=1,--,m.

2. f Fréchet differentiable at x implies that

Bir) Bix) - B
Vf1(IL’) (;91 (;32 aan
) - Vf?(:c) ) () L@ - )
me(l’)
o) o) o el

Proof. 1. (=) f Fréchet differentiable at x implies there exists A(z) such that

po WG+ B) = f(@) = ARl

= 0.
|hl| 5 —0 17| &
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If A(z) = [Aw(2)]]}2 and BT = (ha hy -+ hy ), then

ZZ:1 Alk;(x)hk

Alr)h = > het Aok () Dy,

iy Ao
and the i component of f(z+h)— f(x)—A(z)h is given by fi(z+h)— fi(x)=>"1_, Aw(z)hy.

Since for any vector a € R™ we have |a;| < ||a|| g, we have that

|[filz +h) — ZAM Vel < 1f(x +h) = f(x) = A(z)h]].

Hence,

|filx +h) — filz) - Zk 1 A () hig|

=0
HhHE—>0 |7 &

which establishes the Fréchet differentiability of f; at x.
(<) Exercise.
2. Now, let h — 6 along the s'* coordinate, i.e., put hy = 0 for all k # s. Then, the last

limit implies

lim fz (xla"' wrs‘i_hs;" y L ) fz( ) zs(x)hs :O,
hs—0 hg
which is equivalent to
. fi(xla"'wrs—i_hsa"'7xn)_fi<aj>_ o a
fim, > = Aula) = g 0)

Theorem 97. Let f: D CR"™ — R™, where D is an open set and

fl@)" = ( file) folx) - faulz))

with f; : D C R® — R. If the partial derivatives (%fz(ﬁ) exists for v = 1,--- ., m and

s=1,---,n and are continuous on D, f is Fréchet differentiable on D.
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Proof. In part 1 of Theorem (96| we showed that f is Fréchet differentiable at x if, and only
if, all component functions f; are Fréchet differentiable. So, it suffices to prove that f; is
Fréchet differentiable on D.

Since D is open, for fixed z there exists an r > 0 such that B(x,r) C D and by continuity

of the partial derivatives

gsfz(xﬂ <e€

whenever z + h € B(x,r) or ||z + h — z|| = ||h]]| < r. If f; is Fréchet differentiable at x its

|%ﬂ@+h%-

derivative will be the gradient vector. So, we would like to show that

o Wi @+ 1) = fi(2) = V()i

m = 0.
k][0 1A

Since h € R™ we can write h = Z:.L:l e;h; where e; is the unit coordinate vector. Now, let
vo=(0,---,0) and v; = (hy,--- ,h;,0---0) = Zizlekhk for j =1,---n. Then,

n

filw +h) = filz) =D (fi (@ +v)) = fi (x +vj1))-

j=1
Because ||vj|| < ||h|| < r the points z + v; and = + v;_; are inside B(x,r). Also, since
B(z,r) is a convex set, any convex combination of these two points is in B(x,r). But since
the partial derivatives of f; exist and are continuous in D, they exist and are continuous in
B(z,r) and on the convex combination of z + v; and x + v;_;. Hence, for A; € (0,1) by the

Mean Value Theorem

0
fix +vy) = fi(x+vm1) = 5]‘1’(50 + vj-1 + Ajhjvs)hy.
J
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Hence,

|fi (x +h) = fi(x) = Vfi(x)h]

n

> (file+v) = fi(w+v4)) —

j=1

> (fi@+vy) = fi(w+vj4)) -

=1

"9
Z a—fz($ + Vj—1 + )\jhj’l)j)hj —
j=1 77

<Y " |hjle < n||hlle by continuity.
j=1

Dividing both sides by ||h|| gives the result.

1
0 0
= file + v+ Ajhyuy) — 5 fi(x)
2 )

O

Theorem 98. Let f: X CR" - R™ and g : Y C R™ — RP, where X and Y are open

sets with f(X) CY. Let x € X and put y = f(z). Define F(x) = (go f)(x) = g(f(z)) for

all x € X. If f is Fréchet differentiable at x and g is Fréchet differentiable at y, then F is

Fréchet differentiable at x. Furthermore,

Ap(z) = Ag(f(2)) Ay ().

Proof. First, write for arbitrary A € R™ such that z + h € X

F(x+h) — F(x)

g(f(z +h)) = g(f(x))
g(f(x+h) = f(x) + f(x)) = g(f(x)) = 9(f(x + h) = f(2) +y) — 9(y)

g(m+y) — g(y) where m = f(z + h) — f(z).

By Fréchet differentiability of g at y we have MHg(m%—y) —g(y)—A(y)m]|| — 0 as [|m| — 0.

Now, m = f(z + h) — f(z) and by differentiability of f at x we have ||f(x + h) — f(z) —
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B(z)h|| — 0 as ||h|| — 0. Note that,

F(x+h) - F(r) = A(y)B(x)h = g(m+y)—g(y) — Aly) B(x)h — A(y)m + A(y)m
= g(m+y) —g(y) — Aly)m + A(y)(m — B(z)h), hence
|F(z+h) = F(z) = A(y)B()h|| < llg(m +y) —g(y) — Aly)m| + [|A»)[llm — B(x)h]|

= o([[ml]) + o(|[A]])

where the orders after the equality follow from the differentiability of ¢ and f and from the
fact that || A(y)|| is bounded. Dividing both sides of the last inequality by ||k||, we have

1

P+ ) = Flo) = AG) Blahl < [tlo) + o0,

I17]

Lastly, we need to show that ﬁ = W is bounded. But this follows from the fact

that f is differentiable at 2 and therefore continuous at & by Theorem [95] O

Remark 28. Theorem [9§ is valid when the domain and co-domain are arbitrary normed

vector spaces. In this case we write, where applicable, A,(m) and By(h).

Theorem 99. Let f : X C R®™ — R™ be Fréchet differentiable on the open set X. Let
x,y € X be such that L(z,y) ={z € R": 2= y+ (1 — Nz, A € (0,1)} C X. Then, for
all a € R™ there exists z € L(x,y) such that a* (f(y) — f(z)) = a¥(Df(2)(y — z)), where

Df(z) = A(z) as in Theorem[96. (Recall that X is a convez set if L(x,y) C X).

Proof. Consider z = A\y+ (1 —A)x = x4+ A(y —x) = £+ Ah where h = y — z. By assumption
z € X and since X is open, there exists 6 > 0 such that z € X for A € (=4,1+4). Fix

a € R™ and define ¢, : (—9,14+0) = R as

m

¢a(N) = a" f(z +Ah) = a;fi(x + Ah).

i=1
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By construction ¢,()\) is differentiable on (—d,1 + §) and by theorem

I
h
OO = a | (Zf+2n) Zh@+AR) o Zh+an) )|
i

Zaz ﬁfz (x + Ah)hy = ZCLZVfZ x + Ah)h = a” Df(z + Ah)h.

=1

By the Mean Value Theorem (applied to ¢,), for A € (0,1)
' (f(y) = f(2)) = ¢a(1) = 6a(0) = L (N)(1 = 0) = &V (\) = @ Df(x + Ah)h.
Putting z = x + Ah, then o” (f(y) — f(z)) = a" D f(2)(y — z). O

Theorem 100. Let f : X C R™ — R™ be differentiable on the open set X. Let x,y € X
be such that L(x,y) = {z € R" : z = Az + (1 — Ny, A € (0,1)} C X. Then, there exists

z € L(x,y) such that |[f(y) — f(2)| <[ Df(2)(y — )| < 1DF)lly — |-

Proof. By the Mean Value Theorem, for all a € R™ there exists z € L(z, y) such that
a'(f(y) — f(x)) = a" Df(2)(y — ).
Now,
0™ (F(y)—F(@))] = [a” (DF(2)y—))| < |all| Df(z)(y—=)| by the Cauchy-Schwarz inequality.
Take a = ot (f(y) — f(2)) and note that [laf| = 1 and a”(f(y) — f(z)) = LBT@I
1/ (y) = f(x)[[. Then,
1f () = f@)I < 1Df()(y — )| < |1Df()[ly — |-
]

Definition 63. The space of all bounded linear functions f : (X,] - |lx) = (R,|-]|) is called
the normed dual of X and denoted by X*. The norm of X* is taken to be || f|| = sup |f].

llflx=1
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Definition 64. f € X* is said to be aligned with x € X if f(z) = ||f||l|z|x-
We know that by definition it is always the case that |f(z)| < || f||||z|x.

Theorem 101. Let f : (X,| - |lx) = (Y, - |lv) be Fréchet differentiable at on an open

D c X. Let x € D and suppose that x + ah € D for all a € [0,1]. Then,

(@ +h) = f@)ll < [[Pll sup [[A5(z + ah)l

Proof. Let g : (Y, || - |lv) = (R,|-]) be linear and bounded with g # 0 and g aligned with
f(zx+h)— f(x) € Y, so that

g(f(w +h) = f(x)) = llgllllf (= + h) = F(2)]]
Let ¢(a) = g(f(z + ah)) be a function defined on [0, 1] and note that by the chain rule
0W(a) = g(As(z + ah)h)

since because g is linear dg(y, h) = g(h) for all y. By the Mean Value Theorem for function
in R
6(1) = 6(0) = ¢ (ao), for ao € (0,1).

Hence, by linearity of ¢

Thus,

l9(f(z+h) = F@)] = lg(As (@ + ah)h)|(1 = 0) < [lgll sup [[A;(z + ah)[lji2]

But since g is aligned with f(z + h) — f(x),

£z + 1) = S@)] < 1] sup [[4s(@ +ab)],
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Definition 65. f: D C (X, |- [|x) = (Y, || - [[v) is continuously Fréchet differentiable on
the open set D if, it is Fréchet differentiable on D and, for all x € D and for all € > 0 there

exists some § > 0 such that its derivative A satisfies
|A, — Azl < € whenever ||y — z||x < 6,.

Note that the norm on the left-hand side of the previous inequality is a norm on a space

of linear functions.

Definition 66. f : D C R" — R™ defined on an open set D belongs to the class C* in D for
k € N and we write f € C*(D), if the first k partial derivatives of the component functions

of f exist and are continuous on X.

Theorem 102. Let f: X C R™ — R™ be defined on the open set X. f is continuously
differentiable on X if, and only if, f € C*(X).

Proof. (=) f continuously differentiable on X implies f is differentiable on X. Let z,x+h €
X, then there exists A(z) and A(z + h) associated with linear functions in L(X,R™) (space
of linear functions from X to R™). Also, their difference A(x+ h) — A(x) is a linear function
in L(X,R™) and has matrix A with typical element A;;(h) where A, = %fi(:m— h)— %fi(:v)
by Theorem (item 2). For fixed z, define k(h) = rrl;’z]aéx|Aik(h)| and note that from Theorem
50!

0 < w(h) < ||A(z + h) — A(z)|| < k(h)vmn

Hence, k(h) — 0 as h — 6 if, and only if, |A(x + h) — A(z)|| — 0 as ||h|| — 0 which shows
that all partial derivatives are continuous.

(<) f € C' implies that all partial derivatives exist and are continuous, which implies that f
is differentiable (Theorem . Now, the continuity of the partial derivatives implies that for
all i, k, Ajx(h) — 0 as h — 6. But k(h) — 0 as h — 0 implying that ||A(x +h) — A(z)|| = 0

and hence we have continuity of the Fréchet derivative. O
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Theorem 103. Let f : X C R® — R be defined on the open and convex set X with
feC*X). If v,z +h €X then,

fx+h)=f(z)+ Df(x)h+ %hTDQf(x + Ah)h
for some X € (0,1).

Proof. Left as an exercise. m

17 The Inverse Function Theorem

When we studied linear transformations we learned that if Az = y and if A is invertible
we can solve the equation for x. Put differently, if the linear function T associated with A
is one-to-one and onto then we can find a unique solution for the equation. In this case,
r = A7ly. If we are dealing with a nonlinear function f : R® — R", when does f(x) =y

have a solution in terms of y?

Definition 67. Let (X,dx) be a metric space and T : (X, dx) — (X,dx) be an operator.
We say that T is a contraction of modulus B if for some 5 € (0,1) we have that for all
z,y € X, d(T(z),T(y)) < Bd(z,y).

Remark 29. A function that satisfies this definition is, of course, Lipschitz with a constant

restricted to be in (0,1).
Theorem 104. Let (X, dx) be a Banach space and T be a contraction of modulus 3. Then,
1. (Fized Point) There exists only one x* € X such that T'(z*) = z*,

2. The sequence {x1 = T(zo),x2 = T(x1),---} is such that {z;}iz12.. = x* for any

starting point xy € X.
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Proof. First we prove 2.

d(@ni1,2n) = d(T(20), T(wn1)) < fd(wn, tn) = BA(T(201), T (2n-2))

S 52d(xn717xn72) S e S /Bnd<x17 xU) (22>
Also, for n > m
n—1
d(xp, ) < Z d(x;y1, ;) by the triangle inequality

n—m—1

n—1
< Zﬁid<x17 xo) = B"d(x1, z0) Z A" by equation (22).
’ 1=0

xlaxo Zﬁl —d xlax(J)
Where the last inequality follows from 8 < 1. Also, £ — ﬁ — 0 as m — oo. Hence, for all ¢ > 0
we can choose m,n sufficiently large such that d(z,,z,) < e. Hence, T'(x¢),T(xy),--- is a

Cauchy sequence for any xy. Since X is a Banach space, for any zq we have T'(z), T (x1), - - -
converges in X. Take one such limit and call it *. Since T is a contraction, 7" is continuous
(why?). Hence,

T(z*)=T(limz,) = limT(z,) = lgrgoxn+1 ="

n—oo n—oo
1. Now, suppose o, 2" are such that T'(z’) = 2’ and T'(2") = 2”. Since T is a contraction,

we have for some € (0, 1)
d(T(2'), T(2")) = d(2', 2") < d(2',2") 3.

But since 8 € (0, 1) this can hold only if d(2’, 2") = 0, otherwise d(z’, ") < d(a',2"), clearly

a contradiction. So, there must be only one z such that x = T'(z). O

Theorem 105. (Inverse Function Theorem) Let f: X C R™ — R™ where X is open and f
be continuously differentiable. Let xy € X and suppose that the Fréchet derivative A(xg) is

invertible. Then, there exists an open neighborhood N of xy such that,
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1. f is one-to-one on N'. Hence, the inverse f~1 exists as a function from V = f(N) to

N,
2.V = f(N) is an open set and yo = f(x0) € V,
3. f1eC and Df (yo) = (Df ()",
4. if f€CF k>1 then f~! € Ck.

Proof. 1. Since A(x) is invertible, there exist a matrix A(zo)~!. Put

1

AN —
2[| Ao) =1l

(23)

where ||A(zg)™?| is the norm of A(z¢)~". Or, if you prefer, the norm of the linear operator
associated with A(zg)~!.
X open implies that there exists 0 > 0 such that B(xg,0) = N C X. [ continuously

differentiable implies that for all A > 0, there exists 6 > 0 such that
|A(x) — A(z0)|| < A whenever z € B(xg,d) = N. (24)

Now, for all y € R" let
¢y(x) =z + A(z0) " (y — f(2)) (25)
and note that y = f(z) if, and only if, ¢,(z) = =.
To show that f is one-to-one on A/ we must show that there exits at most one x € N for

which y = f(z), or equivalently, there exists at most one x for which ¢,(x) = = for each y.

The Fréchet derivative of ¢, at z, denoted by ¢; (z) is given by (see part 2 of Theorem

Oy () = I + A(wo) (= A(x)) = Alwo) ' (A(zo) — A(2)).

Y

Then, by

I62)]l = 1A(0) ™ (Alwo) — A < [ ACo) "l Alxo) — A < 557 = 3
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for x € N. From Theorem [100| we have for all z, 2’ € N

¢y (z') = by ()] < N0, (2)Hl2" — 2]l = %Hw/ — x| (26)

This establishes that ¢, is a contraction modulus 1/2 < 1. Now, suppose ¢,(z) = = and
¢y(2") = 2/, then equation cannot hold, so it must be that that there exists at most one
x for which ¢,(x) = x. Thus, f is one-to-one and onto on N.

2. Let V = f(N) and take an arbitrary ¥’ € V, then f(2') = ¢/ for some 2/ € N. To show
that V is open we show that ||y — /|| < A\r implies y € V. That is, there exists a ball centered
at y' that is entirely in V. From equation we have that 2||A(zo) Y|\ = 1 and if B(a/,7)
is a closed ball such that B(2',r) C N,

16y (") — 2’| = [ A(z0) (¥ — ¥l < [ A(z0) " lllly — ¥/l < [[A(zo) " [[Ar = r/2.
For z € B(2',r) we have
¢y (x) = by (a”) + dy(a) — 2|
16y (x) = by (@)l + lldy () — '

1
< iHa: — 2| +g < r since x € B(z',r).

S
<
8
~—
|
&\
I

IN

Hence, ¢,(z) € B(z',7) whenever x is close to 2’ and y close to ¢'. From equation (26]) we see
that for suitably chosen y, ¢, () is a contraction modulus 1/2 on B(z’,7). Since B is closed
in R™ it is complete and by the contraction mapping theorem ¢, is such that ¢,(z*) = z*
for z* € B. For this z* € B C N, we have f(z*) = y implying that y € f(B) C f(N) =V,
whenever ||y — /|| < Ar. That is, for all ¥ € V there exists B(y, Ar) C V), so V is open.

3. Let y,y+k €V = f(N). Then, there exists z,z + h € N such that y = f(z) and

y+ k= f(x+h). Again, consider ¢.(z) = z + A(xo)"*(z — f(x)). Then,
¢=(x +h) = ¢.(x) = x+h+Alxo)™ (2 — flo+h)) =z — Alwo) " (2 = f(2))
= h+ A(xg) ' (f(z) — f(x + h)) = h — A(zo) 'k, and consequently,
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_ 1
I6: (2 + 1) = 6 ()| = [|h = Alzo) kIl < 512

by equation and the fact that z,x +h € N. Now, ||h— A7 (zo)k|| > ||h|| = || A~ (z0) K|,
therefore ||h| — ||A~(zo)k|| < 3||h|| which implies that

» 1 1

A= (o) k[l = 1Al = SRl = S lIAll-
2 2

Using equation ([23)

. _ 1
[Pl < 20 A7 (o) k|| < 20| A" (o) 1K)l = S 1%l

So, whenever ||k|| = || f(x)— f(z+k)|| < § we have that ||h]| = ||z+h—z| < §/A, establishing
continuity of f~!. Now, observe that equations and imply that for all x € N

o

By Theorem , A(x) is invertible for all x € . Now, suppose that the Fréchet differential
of f~1is 6f !y, k) = A(z) 'k, then

FUy+R) = ) —A@) % = w+h—x—A@@) k= Th— A(z) 'k
— A(z)'A(x)h — Alz) (Y + k — )

= —A(x) ' (f(z +h) — f(z) = Alx)h)
and

o< W+ k) = F () — Al) Rl A IS @ + 2) - f(z) = A@)h]
il Alln]

Now, as ||k|| — 0, ||h]| — 0 and since f is differentiable at

lf(z +h) = f(z) = A(x)h]|
7]

— 0 as ||h]| — 0.

Hence, f~! is differentiable at y, with Df~1(y) = A(z)™' = (Df(f ' (y))) "
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To finish the proof of 3, it suffices to show that Df~!(y) is continuous. From the last
equality, we see that D f~1(y) is the composition of three functions: f~!, which is continuous,
since it is differentiable; D f which is continuous by assumption; and the inverse (-)~! which
is continuous by Theorem Hence, Df(y)~! is continuous.

Finally, item 4, follows directly from 3. m

Definition 68. (Homogeneity) f : X C R™ — R is homogeneous of degree k in X if
f(Ax) = N f(x) for all X > 0.

Note that Az must be in X, that is, X is what we call a cone.

Theorem 106. (Euler’s Theorem) Let f : X C R™ — R with continuous partial derivatives

on an open cone X. f is homogeneous of degree k in X if, and only if, Y, g (x)x; = kf(z)
for all z € X.
Proof. Exercise. m

18 Static models and comparative statics

Many economic models can be reduced to a system of equations
F(z,a) =46 (27)

where F': X x A C R” x R? — R™ and 6 is the null vector. a is normally interpreted as
a set of “parameters” describing the “environment” or the state of the world in which the

economic model is embedded and x are “endogenous” variables. We normally seek values

for x that satisfy equation , that is,
S(a) ={r e X: F(z,a) =0}.

In this context, here are some important questions: a) For given a, do solutions for
exist? That is, is S(a) # 07; b) If so, how many elements are in S(a)?; ¢) How does S(a)

change with a? (comparative statics).
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Example 27. Suppose we have two markets, one for good 1 and another, for good 2. The

demand and supply equations are given by

Qf) = ag+ a1p1 + asps

Q7 = bo+bip1 + bapo

2D = Qap+ a1pr + QP

Q5 = Bo+ Bip1+ Bapo

The equilibrium conditions are QY — Q7 = 0 and QY — Q35 = 0. Or, alternatively,

(CLO — bo) + ((11 — bl)pl + ((12 — bg)pz = 0
(o — Bo) + (1 = Bi)pr + (a2 — B2)p2 = 0.
Setting a; — b; = ¢; and oa; — B; = ; fori=0,1,2, we have
(3 2)(2)(2)-
T2 P2 Yo
which gives F(p1, p2; co, Yo, €1, C2, 71, V2) = 0. In the notation of , m=n=2andp=12.

18.1 Linear models

If F' is linear, then we can write

Ax + Ba =0 (28)

or Ar = —Ba = y. We interpret Az = y as a system of m equations with n unknowns. We
start with the case where y = 6, that is, a homogeneous system. Let T be the the linear

function associated with A. From Theorem [41]

dim(X) = dim(null(T)) + dim(im(T)) = dim(null(T)) + rank(T).
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Recall that null(T) = {z € X : T(xz) = 0} is the set of solutions and im(T) = {y € R™ :

y =T(z) for z € R" }. Consequently,
dim(null(T)) = dim(X) — rank(T) > n — m since rank(T) < m.

The last inequality follows from the fact that the image of T is a subspace of R™ and
therefore cannot have dimension greater than m. Hence, if n > m (more unknowns than
equations) we have that dim(null(T)) > 1 and T(x) = 6 has nontrivial solutions. Now, for

non-homogeneous systems.

Theorem 107. Let T : X — Y be a linear function, P be such that T(2P) =y and S? be

a set containing the solutions for T'(x) = 6. Then, the set of solutions for T'(z) =y is,
SN =P + 87 = {2V e X 2N = af + 27, 2 € ST},
Proof. First, suppose %V € SN. Then by definition 2% = 2P + 2 with T(2P) = y and
2 € SH. Then, by linearity of T
TEM)=T@P + 2" =T@")+T(¥)=y+0=y.

Hence, z" is a solution for T'(z) = y.

Second, suppose x* is a solution for T'(x) = y, that is, T'(z*) = y.
T(x®) =y =T(x") =y+0="T(") + T(z")
Now, by linearity
T(z® — 2P —2f) =0,
which implies z° = 2P + 2. Hence, 2° € SV. O

Remark 30. 1. This theorem shows that if T(x) =y has a solution, then the dimension
of SY is the same as SH. Also, once we know one solution for T(z) =y we can find

all solutions, provided we have the solutions for T'(x) = 6.
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2. Since im(T) is the set of vectors y € R™ such that T(x) =y for x € X, we can write
that im(T') is a vector sub-space of R™ generated by the columns of the m x n matrix

A associated with T', that is
€1
(Ar Az - A | T =
.
Hence, a solution exists if, and only if, y € R™ can be written as a linear combination
of the columns of A, that is, y is in the column space of A. Now, consider (A y) =
(A1 Ay -+ A, y ). Note that if rank(A) < rank((Ay)), y is not a linear

combination of the columns of A. If rank(A) = rank((A vy)), y is a linear combination

of the columns of A and Ax =y has a solution.
Hence, we have the following theorem.

Theorem 108. The linear equation Ax = y has at least one solution if, and only if,

rank(A) = rank((A y)).

If there exists a solution, and given that dim(null(A)) = n — rank(A), the solution is
unique if rank(A) = n, that is, dim(null(A)) = 0. This gives,
Theorem 109. Az =y has a unique solution if, and only if, rank(A) = n = rank((A y)).

Remark 31. 1. If rank(A) = m = n then we have A=Az = A=Yy which implies 2V =
A Yy,

2. Since Ax + Ba = 0, we can write z*(a) = —A"'Ba. Hence, the solution is a linear

function of a and

Dz*(a) = —A"'B

which provides comparative statics for the equilibrium. In example |27 we have

()= () ()
D5 C172 — 2N -7 G Yo
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18.2 Nonlinear models

The solution(s) for F(z,a) := f,(x) = 6 € R™ for a given value of o can be described as a

relation/correspondence s : A C R? — X C R” that assigns to each o € A a set

s(a) = [7'(0) = {x € X : fula) = 6}.

We will concentrate on the case where m = n, that is f, maps R” to R™. As in the
case of linear models, we are interested in giving a more precise description of s(«) and,
in many instances, understanding how s(«) changes when a takes on different values in
A. A key insight is to assume differentiability of F' and use the inverse function theorem.
Informally, if (zg,ap) is such that F(zg,a0) = fao(x0) = 6, we note that by the inverse
function theorem, if f,,(z) is continuously differentiable at zy € X C R™, X is open and
Ay, (o) is invertible, there exists an open neighborhood N of xq in which f,, () is one-to-
one and onto. Consequently, zg € f.'(6), i.e., o is a locally unique solution for fo,(x) = 6.

The Implicit Function Theorem, which we will study next, helps us deal with comparative
statistics for these models. That is, it provides a framework to understand how the solutions
change when a changes in a vicinity of «y. Before we prove the theorem we make the

following remarks.

Remark 32. 1. Suppose that the solution x*(«) for some « is a differentiable function,
and by virtue of it being a solution for the system of equations under consideration, we

have
F(z*(a),a) = F ( . éa> > = 0.
This is an identity in so far as it holds for all a. We can think of a composition H :

A C RP — R" such that H(a) :== 0 and H(«) = F(f(«)) where f(a) : A C RP — R™*P
z*(a)
and f(o) = | ™V . Note that since H(c) := 0 for all o« € A we can differentiate
a

(px1)
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both sides of the identity with respect to o and write DH(«) = 0. By the chain rule

DH(a) = DF(f(a))Df(a) = 6. Since there are two sets of arguments for f, i.e., x*
—

nx(n+p) (n+p)xp
and o, we may write

Ozri(a) Ozj(a) Oz (o)
o % By
DLF(f@) DuF(f) | 5 e o o
N o o o}
DH(a):(\ — /) 1 0O ... 0 |=¢
nxn nxp
1 0
0 0 1
— (D, F(s*(a), ) DoF(z"(a), ) ( be(a) ) 4,

Equivalently, we write

D,F(z*(a), ) Dz*(a) + Do F (2" (), ) = 6
which implies
Dz*(a) = — [DF(z* (), )] " DoF(x* (), @),

provided D, F(z* (), ) is invertible.

Theorem 110. Let F : X x A C R™P? — R"™ be a continuously differentiable function on
an open set X x A. Consider the system of equations F(x,a) = 0, and assume that it has a

solution 2° € X for given o € A. If D, F(2°,a°) is invertible,

1. There exist U open in R"™ and U, open in RP with (2°,a°) € U and o® € U,, such that

for all a € U, there exists a unique x(«) such that (z(a),a) € U and F(z(a),a) = 0.

2. The solution function x(a) : U, — R™ is continuously differentiable and its derivative

is given by , Dx(a) = —[D,F(z(a), a)] ' Do F(z(a), a).
3. If F(z,a) € Ck, s0 is x(a).
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Proof. Let G(z,a) : R"*? — R"P defined by G(z, ) = [ F(Z’ @) } with

, F =12 ...
Gl(x7&) — { (x7Oé) Z ) ) 7”7

Q; 1=1,2,---,p.
0 0
Now, G(2°,a%) = ( Fla [,)04 ) ) = ( 90 ),where the second equality follows from F'(z°, ) =
a a
6. Then, since D, F(z°, a) exists, we have
1 1 1 ) 1 1
8351 (.CE aO) g% (‘CE aO) e ?)fn (37 7a0) ! ggl (,CE 7a0) T ggp ('T 7a0)
0 0y _ - n . i " n
DG(a",a”) = 8831 (20, a?) %22 (2%,a%) .- ‘gfn (2°,a%) | %gl (2%,a%) .- ggp (20, a?)
0 : Iy
_( D,G(2°,a°%) D,G(a",a") \ ([ D,F(z°,a°) D,F(z° a")
- 0 I, - 0 I,

DG(2° ) is invertible, since D, F(2°,aP) is invertible by assumption. Because F' is contin-
uously differentiable, so is G. Hence, by the inverse function theorem, there exists an open
neighborhood U of (2%, a®) such that G(z, a) is one to one on U. Hence, G~! exists as a func-

: : : n 0 0 F(2°,a?)
tion from V' = G(U) to U, where V is an open set in R"*? and G(2°,a°) = o0 =

{ o?o } € V. Because V is open and [ 2 } € V, for all a sufficiently close to a?, i.e., for all
a € U,. Since G is invertible in U, for all a € U, there exists a unique (z(«), @) € U, such
that G(z, o) = { Z } , which implies F'(z(«),«) = 6. Also, by the inverse function theorem

G~! € C! and since,
_ |0 z(@) | _ 41
G(z(a),a) = {a} = [ N } =G (0,a)
We see that x(a) is a component of a C! function, and therefore, it belongs to C* itself. [

Example 28. The seller of a product pays a proportional taz at a flat rate 6 € (0,1). Hence,

the price received by a seller is (1 — 0)p, where p is the market price.

Q"= D(p), DW(p) <0,
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Q°*=S((1-0)p), S(l)(p) > 0.

Market clearing requires D(p) = S((1 — 0)p), which implicitly defines p* = p(0). Differenti-
ating D(p(#)) = S((1 — 0)p(f)) we obtain

DY (p(9))pP(6) = SU((1 = 0)p(0))((1 — 0)p™(8) — p(8)).

This implies that

—p(0)SW((1 -0
DU (p(6)) — (1 6)50

-~

>+

p () =

— |~—
]
—
>
~—
~—

and % = DW(p(0)pV(6) < 0.
S—— A —
- +

It is important to note that the implicit function assumes the existence of a solution.

19 Mathematical Programming
In this section we study maximization problems given by
max{f(z,a):x € c(a)} (29)

where 2z € X C R", a € A C RP, ¢(a) C X, f(z,a) : X x A C R*"x RP - R. In this
context, we call S : A — X with S(a) = argmax{f(z,a) : © € c¢(a)} the best-response
relation/correspondence. For a given o € A, itxgives the set of z € ¢(«) that provide that
maximum vale of f. When there is a unique x, say x*, that maximizes f(x,«) for a € A,

we call S(«) the best response function. We call v(a) = max{f(z;a) : z € c(a)} = f(z*, @)

for z* € S(«a) the value function. We will consider three different maximization scenarios:
1. ¢(a) is a convex subset of R",

2. ¢la) ={r € X: g(xr,a) =0} (Lagrange Problem),
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3. c(a) ={zx € X: g(z,a) > 0} (Kuhn-Tucker Problem),

where g : X x A — R¢ for ¢ € IN, # is the null element of R® and in item 3, > is taken

element-wise.

19.1 Scenario 1
We start with the definition of a convex set.

Definition 69. A set X C R" is conver if for all x,2' € X, 2* = (1 — Nz + A\’ is also in

X for all A € (0,1).

Fix o« = & and consider
max{ f(z,a): x € c(a)}. (30)

We first give the following definition.

Definition 70. Consider the mazimization in (30). Let x € c(@) and choose a direction
(increment) h € R™. We say that h is a feasible direction from x if there exists &, > 0 such

that for all a € (0,9,), v + ah € ¢(a).

Theorem 111. Assume that f € Ctand let x* be a solution for (30). Then, Df(xz*)h <0
for all h € R™ feasible from z*.

Proof. Because x* is a solution for and h is a feasible direction, for a as in definition (70}
f(z* +ah) < f(z*). Since a > 0, we have w < 0. Since f € C', from Theorem
f is continuously differentiable at z*, which implies that f is differentiable. But since f
is differentiable at x*, for all A feasible, lim,_.o w = Df(z*;h) <0. Since f € C!

we can write D f(x*;h) = D f(z*)h where D f(z*) is the Fréchet derivative. O

Remark 33. 1. In the last step of the proof we use the fact that when both Gateaur and
Fréchet differentials exist, they coincide; 2. The theorem gives first order necessary condi-

tions for a mazximum; 3. If c(@) is open, then for all x € c(@), all directions are feasible.

129



Then, note that

hq

Dfayh = ( 2f@) - 2f@))| ¢ | =30
hn i=1

Q|

Since Y, c%f(a;*)hi <0, for all h;, it must be that gif(x*) =0 for all 1.

Corollary 6. Let f € C*, c(@) open and z* be a solution for (30). Then, Df(z*)h =0 for
all h. That is, %(m*) =0 for all i.

It should be noted that %(m*) = 0 is not sufficient for z* to be a maximum. We now

look at the property of concavity and some related concepts.
Definition 71. Let X be convex and f : X C R™ — R.

1. f is concave if for all z,2' € X, we have
(1 =N f(@) +Af(a') < f((1 =Nz + ') = f(2?)
for all A € (0,1).
2. f is strictly concave if
(1 =N f(x) +Af(@) < f(1 =Nz + ') = f(2?)
for all A € (0, 1).

Remark 34. Reverse the inequalities to obtain the definition of convex and strictly convex

functions.

Theorem 112. Let f : X C R™ — R belong to C defined on an open and convex set X.

Then,

1. f concave < for all zo,x € X, f(z) < f(xo) + Df(zo)(x — x0);
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2. f is strictly concave < for all zg,x € X, f(x) < f(zo) + D f(xo)(x — x0).

Proof. First, sufficiency for both 1 and 2. For 1, let z, 2y € X and write 2* = (1—\)xo+ Az =

xo + Az — x0) with X € (0,1). By concavity (1 — \)f(zo) + Af(z) < f(zo + Ma — x0)), or

f(x) = fxg) < f(x‘)“(x_/\xo))_f(xo), since A # 0. Now, take the limit on both sides as A — 0.

Then,
f(@) = f@o) < Df(wo)(x — o). (31)
For 2, we have f(x)— f(zo) < w and concavity implies f(2*) — f(x¢) < D f(xq)(2* —

0) (letting z = 2* in (31))). Then, f(z)— f(zo) < 3D f(x0)(z* —x0) = D f(wo)3 (w0 + Az —

x9) — o) = D f(xo)(x — x0). Necessity is left as an exercise for both cases 1 and 2. O

Definition 72. Let X be convez and f : X C R™ — R. [ is quasi-concave if for all z,2’ € X

and for all X € (0,1)
f(1 =Nz + Az') > min{f(z), f(z)}.

f s strictly quasi-concave if for all x,2" € X and for all X € (0, 1)

F((1 =Nz + Az) > min{f(z), f(z')}.

Remark 35. [t is clear that concavity implies quasi-concavity and strict concavity implies

strict quasi-concavity. To see this, note that by concavity
FOx+ (1= Na') > Af(x) + (1= N f(2') for all X € (0,1). (32)
Without loss of generality let min{f(z), f(«')} = f(«/). Then,
M)+ A =Nf@) = Mf(z) = f(@) + f(@).
But since f(x) > f(z') we have that f(x) — f(z') > 0. Thus, A(f(z) — f(z')) > 0 and
Af(@) + (1= Nf(a) = f(2). (33)
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Using equation (@ we have
fQa+ (1= N)a') = f(a) = min{f(z), f(«)}.

establishing quasi-concavity.

Strict concavity means that
fOz+ (1=N2") > Af(x)+ (1 =N f(2') for all X € (0,1).
Following the same steps from above, we have
fOz 4+ (1 =N)a') > Af(z) + (1 =N f(2') 2 f(2) = min{f(x), f(z')}.
establishing that strict concavity implies strict quasi-concavity.

Theorem 113. Let f : X C R" — R where X open and convexr and f € C1. Then, f is

quasi-concave in X if, and only if, for all ', 2" € X, we have
f(@") = f(@') > 0= Df(a')(a" — ') > 0.

If o’ # 2" with f(2”) — f(2') > 0 = Df(a')(a” —2') > 0, then [ is strictly quasi-concave

(the converse is not always true).

Proof. (the first sufficiency) For all 2/, 2” € X and X € [0, 1] define g(A\) = f(2* = 2/ + X\ (2" —
7). Because f € C*, g is differentiable and g™ ()\) = Df(z' + M(z" — 2')) (2" — 2/). Assume
f is quasi-concave and f(z') < f(z”). Then, by definition f(z*) = g(\) > f(2') = g(A = 0)
for all A € [0,1] and at A = 0, gV(\)|a=o = Df(2')(2" — 2') > 0 (g increasing).

If f is strictly quasi-concave, g(\) > f(z') = g(A = 0) for all A € [0,1] and g is strictly
increasing at A = 0. But this does not imply that ¢ (0) > 0 (f(z) = 23 is strictly increasing
at 0, but fM(z =0) =0).

(Necessity) Assuming f(z') < f(z") = Df(2')(2” —2') > 0 for all 2/, 2" € X, we want

to show that this implies,

g(A) = f(@' + (2" = 2")A) = f(2') = 9(0)
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for all A € (0, 1), i.e., quasi-concavity. Suppose not, i.e., suppose there exists some A\ € (0,1)
such that g(A\) < ¢g(0). Because g(1) = f(2") > f(2') = g(0), we can choose A\’ such that
gM(\%) > 0. Now, if that is the case, put 2° = 2’ +\°(z” —2'). Since f(2') = g(0) > g(\°) =

f(2°) and 2° € X, we have by assumption
Df(2°) (2’ — a%) = Df(2")(=A")(z" = 2') 2 0

and hence D f(2°) (2" — 2') < 0. But g™ (\°) = Df(xo)(2" — 2') > 0, which contradicts the

previous inequality (same works for strict quasi-concavity). ]

Definition 73. Let f : X C R" — R, X open and convex. f € C! is pseudo-concave in X,
if for all ', 2" € X
f(@") = f(a') > 0= Df(a")(z" — ') > 0.

Remark 36. From Theorem[119 we have that f concave < for all zg,z € X, f(z)— f(z) <
Df(xo)(x — xo). Thus, if f(x) — f(xg) > 0, then 0 < Df(xg)(x — xo). So, f is pseudo-
concave. Also, strict concavity implies pseudo-concavity and strict quasi-concavity implies

pseudo-concavity.

Theorem 114. Let f € C' be pseudo-concave. If z* € c(@) a convexr set and for every

direction h € R™ feasible from x* we have D f(z*)h < 0 then x* is a solution for .

Proof. We will show that if z* is not a solution for then D f(xz*)h > 0, for all feasible
h. x* not a solution for implies there exists € c(a) such that f(z) > f(z*). By
pseudo-concavity of f, f(z) > f(z*) = Df(2*)(x — 2*) > 0. But by convexity of ¢(a),
= (1-Nz*+ X x =2"—Az* + \v = 2 + Az — 2%) € ¢(a) and (z — 2*) is a feasible

direction from z*. O

Remark 37. 1. Since concavity and strict quasi-concavity imply pseudo-concavity, the the-

orem holds if f is assumed to have either of these properties; 2. The theorem gives sufficient
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conditions for a global mazimum; 3. If f € C' is concave and x* is such that V f(x*) = 0,

then it is a global mazimum of f .

Theorem 115. Let f € C? with c(@) open and convez. Let x* € c(a) and Df(z*) = 0. If

D% f(z*) is negative definite then f achieves a strict local maximum at x*.

Proof. Let h € R be an arbitrary direction. By the convexity and openness of ¢(@) there

exists 6 > 0 such that * + ah € ¢(@) for all a € (0,6). Then,
1 /
f(z® +ah) — f(z*) = Df(z")ah + §(ah) D?f(z* + A,ah)ah
for some A\, € (0,1). But since Df(z*) =0
CLQ ’
f(z*+ah) — f(z*) = Eh D? f(x* + Aqah)h.

Now, h'D?f(2*)h = h' D> f(2* + Agah)h|e—o = Q(a = 0) < 0. Since Q(a) is continuous in a,
then

\W D2 f(z* + Ngah)h — K D> f(z*)h| < €

whenever a < v . Hence, h' D?f(x* + A\,ah)h < 0. Therefore, f(x* + ah) — f(z*) < 0 for all

a <. [

Theorem 116. Let x*be a solution for with c(a) convex. If f is strictly quasi-concave

(strict concavity implies strict quasi-concavity) then x* is unique.

Proof. Suppose there exists two solutions in ¢(a@), say 2/, 2”. Then, f(z') = f(z”) = M. By

strict quasi-concavity of f, for any A € (0,1)
F((1 =Nz + X)) > min{f(2), f(z")} =M

where (1 — \)2’ + Az” is feasible by convexity of c¢(a). Because f(2*) > M | then neither z’

nor x” solve . O
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Theorem 117. Let f : X C R™ — R, be such that f € C?, and X is open and conver.
Then, f is concave if, and only if, for all x € X and for all h € R*, K D*f(z)h < 0. If
W D?f(x)h < 0 for all x € X and for all h € R™, f is strictly concave.

Proof. (Sufficiency) Let = € X. Since X is open, there exists a € (=4, d) for § > 0 such that

for any h € R", x + ha € X. Let g : (=4,) — R, with

9(a) = f(a + ha) — f(x) — Df(x)ha (34)

Since f € C?, sois g. Also, g(0) = 0. By Theorem[112] since f is concave, f(z+ha)— f(z) <
Df(z)ha for all o € (—6,6). Using we conclude g(a) < 0 for all a € (—4,4). Since
g(0) = 0, g is maximized at 0, a point in the interior of (—d,4). Then, by the corollary to
Theorem [111]

9" (a) = Df(x + ha)h — D f(x)h|a=o = 0,

and for & = 0 to be a maximum,
g (a) = h' D*f(x + ha)h|aey < 0, or K D> f(z)h < 0.

(Necessity) Since f € C?, by Theorem for some a € (0, 1)

fl@+h) — f(z) — Df(@)h = %h'DQf(x + ha)h.

Since h' D% f(z +ha)h < 0, for all x+ha € X, we have f(z +h) — f(x) — Df(2)h < 0 which
implies f(z + h) — f(x) < Df(z)h. The last inequality implies concavity by theorem |112]

The proof of the last statement in the theorem follows easily from above. O

Remark 38. 1. The theorem characterizes concavity and strict concavity of a function
f € C? by WD>f(x)h; 2. In Theorem 13.5 the condition that h'D?f(z*)h < 0 can be

replaced (is equivalent ) with strict concavity.
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Example 29. Let y = f(x1,25) = a:ffxg be a production function where y is output, T, 2o

are mputs. a+ 0 < 1,8 >0 and a > 0. Firm maximize profits.

B
m(x1, x9) = prirh — wiry — Woks.

p 1s price of output, wy, wy are input prices. Obtain, and let partial derivatives equal to zero.

on
. = pozx’f_lxg —w; =0

or _
:px‘fﬁxg v wy = 0

e
For these to characterize a mazimum, we need D?f to be negative definite, that is,
Df = pofa — 1)95?_2335 p@x?_lﬂfﬁ_l _ a(i?) %
Tl papatTel pBB-Dagaf? TV a2 200
3
1 1
= 0 a(a—1) af }{— O}
where y = xo‘azﬁ, or, D*f = L1 1 . Now,
yon fpy{o —H ap  BB-1]0 L
ala—1) af B a—1 p B a‘%l 1
[ aff ﬂ(ﬁ—l)}‘“[ S e
Since 251 < 0, and CHEY 1 = afma gl ) = O 5 0 since a0+ 8 < 1,
=B, and b = Gaz implies o = _/325;11.

o, > 0. Hence, K D*fh < 0. Now, w; = P w

Substituting back into the first order conditions

Bwixy

_ a—1,08 _ a—1
W1 = paxry Ty = paxy ( €Ty = 3
QW9

Wy

1
— —a—f
>ﬁ:> . (pozl Bﬁﬁwf>l

Note that we use the fact that, for Anx, (symmetric)

1. WAh>0&dy >0 for k=1,...,n, where dy = det(Ay = [a;]F_,), k<n
2. WAh <0< d <0 for k odd, di, >0 for k even.

3. WAh > 0< ifdy >0 for all k
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Alternatively,
1. WAh > 0 <all eigenvalues Ay, ..., \, > 0,
2. W Ah > 0 <all eigenvalues Ay, ..., A\, > 0,
3. WAh < 0 <all eigenvalues Ay, ..., A\, <0,

4. W AR <0 <all eigenvalues My, ..., N, < 0.

Example 30. If f(z) = —x? + 2z, then % = 2+ 2, dzj;(f) = 2. % = 2r+2=

0= =1 T@ _ _o

dx?

Example 31. Let f(3;Y,X) = —||Y — XB|| where Y € R", X € R",5 € R. Then,

n

1/2
|l - X8| = - (Z(n - m)?) .

i=1
and we would like to maximize f for fited Y and X by choosing (3.

_1
2 n

(Z(Y; — Xlﬂ)2> 22(36 — XiB)(=Xi)
= (Z(}g - Xiﬁ)2> ZXi(YZ- — XiB).

=1

d d
a5 (B;Y,X) = —%HY - X8| =~

N | —

Choosing 3 that sets the derivative equal to 0, i.e., %f(ﬁ; Y, X) = 0 implies Y., X;(Y; —

X8 =0&p= i XiYi Now,

n 2
i=1 Xi

£y x) - T XY XA 0 GEL - XAy X
gz’ Y — X312 1Y — X5

If B € B, that is convex and open, B 1s a strict local mazimum. The mazximization
problem in this example is known as the least squares problem. It is normally posed as the

minimization of a norm, we chose to state it as the maximization of the negative of a norm.
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We will now study some concepts that allow us to speak of continuity of correspondences.
Continuity of correspondences is more involved than that of functions. We start with the

notions of upper semi-continuity and lower semi-continuity for functions.
Definition 74. Let f : X C R™ — R and consider x € X.

1. f is upper semi-continuous at x if, for all {x,}n=12.. € X and for all € > 0 there exists

a number N € IN such that

zr, = x = f(x,) < f(z)+¢€ foralln >N

2. [ is lower semi-continuous at x if, for all {x, }n=12.. € X and for all € > 0 there exists

a number N € IN such that

Tp, = x = f(x,) > f(x) —€ for alln > N

3. f is continuous at x if f is upper semi-continuous and lower semi-continuous at x.

Note that if f is upper semi-continuous and lower semi-continuous at x, then for all € > 0

there exists a number N € IN such that

flz) —e< f(zn) < f(z)+eor |f(zx,) — f(z)| <€

whenever z,, — x and for all n > N, conforming with our usual definition of continuity. We

now extend the upper and lower semi-continuity from functions to correspondences.
Definition 75. Let X CR™, Y C R?, f: X — 2Y and x € X.

1. f is upper semi-continuous at x if, for all {x,}n=12.. € X and {yn}n=12.. € Y where
Yn € f(zn)

Ty =T, Yy >y =y € f(z)
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2. f is lower semi-continuous at x if, for all {z,}n=12.. € X and y € f(x) such that

T, = x = there exists {yn}tn=12.. wherey, € f(x,) such that y, — y.

3. f is continuous at x if f is upper semi-continuous and lower semi-continuous at x.

Definition 76. Let X,Y be finite dimensional Euclidean spaces and let 1 : X — 2Y be a

COT’T@SpO?’Ld@TLC@.

1. v is usc (upper-semi-continuous) at x € X if for all open sets V in Y such that

W(x) CV there exists a neighborhood U of x such that 1(x") CV for all 2’ € U.

2. ¢ is lsc (lower-semi-continuous) at x € X if for all open sets V in Y with (z)(\V # 0
there exists a neighborhood U of x such that o (x')(\V # O for all 2’ € U.

3. 1 1s continuous at x if it is usc and lsc at x.

Remark 39. Let X and Y be normed spaces and f : X — Y. f is continuous if for
every open set Oy, f~1(Oy) = Ox is open in X. If we focus on a point x € X such that
r € fY(Oy), there is a neighborhood N, of x such that every ' € N is also in f~'(Oy),
i.e., o' € f71(Oy).

Now, in the case of correspondences, we may require (usc) that for
e N, (') CV

whenever (x) C V. That is, in this case we require that points in a neighborhood of x have
images that are entirely contained in an open set that contains ¥(x).

Me may also require (lsc) that

2 €Ny, () [V #0
that is, overlaps with V', whenever ¢ (x) (" V # 0.
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We now give two characterization theorems for lower and upper semi-continuity.

Definition 77. A correspondence f : X — 2Y where X and Y are metric spaces is said to
be closed value at x € X if f(x) is a closed set. It is said to be compact valued at x if f(x)

18 compact valued in Y.

Theorem 118. A compact-valued correspondence 1 : X —» 2 is upper semi-continuous at «
if, and only if, for all {z,}n=12,.. such that x, — x, every {yntn=12.. such that y, € ¥ (z,),

for all n, has a convergent subsequence {y,, } with limit in ¥(z).

Proof. (=) ¥(z) is bounded by compactness. Hence, there exists an open set B such that
¥(x) C B. By upper semi-continuity there exists an open neighborhood U of x such that
for all z € U, 1(2z) C B. Since x,, — z, there exists N such that z, € U for all n > N, and
consequently ¥ (z,,) € B. Thus, {y, : y» € ¥(x,)} is bounded and contains a convergent
subsequence by the Bolzano-Weierstrass Theorem. Let {yy,, } be such sequence and y,, — v
as n — 0o. We need to show that y € ¥(z).

Suppose y ¢ ¥(z). Since 1(x) is compact, y cannot be a boundary point of ¢(x) and
ly — z|| > 0 for any point z € ¥(z). Thus, there exists closed e-balls such that

y ¢ U S(a,e) :=B
acy(z)
with 0 < € < inf,ey (e d(a,y) with interior that is open.

Since ® is usc at « and z,, — x, ¥ (x,) C int (B) for n sufficiently large. Thus, {y, : y, €
Y(x,)} C B. Since B is closed, y (the limit of y,) is such that y € B, which contradicts
y¢B.

(<) We establish the contrapositive by construction. That is, if ¢ not usc at x we will

construct a sequence z,, — x and ¥y, € ¥(x,) with no subsequence converging to a point in

().
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¥ not usc at x implies there exists V open such that ¢)(z) C V where for i a neighborhood
of x and a ' € U, (x') is not a subset of V. Choose U, 1 C U, C --- to be balls with
radius 1/n centered at x and for each there exists z, such that 1(z,) € V. By construction
z, — x, but there exists y,, € ¥(z,) with y, € V. Suppose there exists y,, as subsequence
of y,, such that y,, — y. Since {y,, } € V¢ (V°is closed as V is open), y € V¢ and, of course,
y ¢ V. Since ¥(z) C V we have that y € ¢(x) O

The following theorem provides a characterization of lower semi-continuity.

Theorem 119. A correspondence v : X — 2¥ is Isc at x if, and only if, for every sequence
{Zn}n=12,.. converging to x and every point y € ¢(x) there exists a sequence y,, € ¥ (x,) for

all n such that y, — y.

Proof. See |Aliprantis and Border, 2006, p. 565. O]

19.2 Comparative Statics and Value Functions

Consider the problem
max f(z, a) (35)

z€c(a)

and solutions z*(«) depending on a. Write

S(a) = argmaxf(z, «).
z€c(a)

Since, for all a there might be multiple solutions for , S(«) defines a correspondence
S A — 2B" As defined earlier, the value function is V(o) = f(z*, a), for z* € S(a). Note

that V is always a well defined function V' : A — R.

Theorem 120. (Berge). Let X CR", ACR?P, f: X x A — R be a continuous function
and ¢ : A — 2% be a nonempty, compact valued and continuous correspondence. Consider
the mazimization problem

max f(x,a).
z€c(a)
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Then, V(a) = mzz,x)f(x, «) is continuous, and the solution correspondence S(a)) = argmaz{zx €
zec(a z€c(a)

cla): f(x,a) =V(a)} is nonempty, compact valued and upper-semi-continuous.

Proof. Fix o € A. By assumption ¢(«) is compact, nonempty and f is continuous. Hence, by
Weierstrass Theorem f achieves a maximum on ¢(a) and S(«) is nonempty. Since, S(a) C
¢(a) it is bounded, since ¢(«) is compact. Now, consider {z,} a sequence of maximizers for
given a (z, € S(a)) and suppose z,, — x. We want to show that x € S(«). If that is the
case, S(«) is closed, and together with boundedness we have that S(a) is compact. Because
c(a) is closed and {z,} € c¢(a) then z € ¢(a). Also, V(&) = f(zy, @) for all x,,, and since f
is continuous,

limy oo f(xn ) = f(z,0) = V().

That is, x is a maximizer, and therefore € S(«). Now, let’s show upper-semi-continuity.
Since S is compact-valued, we use Theorem to establish upper-semi-continuity of .S.
Fix a and consider «,, such that «,, — «, and choose =, € S(a;,,) C ¢(a,) for each n. To
establish that S is usc, we must show that there exists a subsequence z,, of x, with limit
in S(a). Because c is continuous (usc), there exists {z,, € S(a,,) C C(ay,,)} converging to
some = € ¢(a). The question that remains is whether z € S(a).
Let Z be an arbitrary point in ¢(«). Because c is lsc, there exists a sequence Z,,, € c¢(ay, )

for all n such that Z,, — Z € ¢(a). Because z,,, is optimal (z,, € S(,,)) we have that
f(@n,, o) > f(Zn,, o), for all k.
Since f is continuous, taking limits on both sides of the inequality gives
flz,a) > f(Z, ),

where Z is an arbitrary point. So, x is a maximizer of f in ¢(«). Hence, € S(a) and S is

usc.
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(Continuity of V) Note that

V(a) = mazx f(z,a) = f(S(a), ).

z€c(ar)
Hence, V is the composition of a continuous function, viz., f and a usc correspondence, viz.,
S. Since f can be viewed as a single valued usc correspondence, V' is the composition of two
usc correspondences, and therefore, it is itself usc. But since it is single valued, this implies

continuity. O

Remark 40. 1. In essence, the theorem says that the value function and the solutions for
the maximization vary continuously with o provided that f is continuous and the constraint
correspondence, c(«), is compact valued and continuous; 2. The most difficult condition to

check is that c(«) is continuous in A.

19.3 Envelope Theorem

Theorem 121. Let f(z,a) € C? and let z* satisfy the conditions for a strict local maximum

for [ at ag. That is, Df(x*, o) = 0 and D?f(z*, ap) is negative definite.

V(a) =mazf(z,a) = f(z(a), a)

xT

is differentiable at oy and DV (ap) = Do f(x*, ap).

Proof. We note that f(z,a) : X x A — R. The assumption that f € C? implies f is
continuously differentiable. z*(ay) satisfying the conditions for a strict local maximum at

Qg means

DIf('r*aa()) =0

and h'D?f(x*, ag)h < 0 for all h € R™ for (2*,aq) € int(X x A). But k' D*f(z*,ap)h < 0

implies that D?f(x*, ap) is invertible. Hence, by the implicit function theorem, there exists
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a unique z(a) : Uy, = R™ (U,, is an open neighborhood of «ap) that is continuously differ-
entiable. Now, V(a) = f(z(«), ) and note that z(ag) = x*(ap). Since f is differentiable,

by the chain rule
D.,V(a) = D, f(x(a),a)Dyx(a) + Do f(z(a), a).
and since D, f(x(ap), ap) =6

DoV (ap) = Do f(z(an), o) Da(ag) + Do f(z(an), an) = Daf((a0), o).

O
Remark 41. 1. This is an “Envelope Theorem” for unconstrained optimization.
19.4 Scenario 2
We now consider a maximization problem described by
max f(z, &) such that g(z,a) =0 (36)

where g : R" x A — R¢ with ¢ < n. For fixed @ we could view g : R" — R°.

We start by providing a motivational example that helps understand the method we will
consider. The main idea is to maximize the function of interest without the constraint but
introduce a penalization for violating of the constraint. Take, n = 2, ¢ = 1 and consider the
following example

max f(x1, za, @) subject to g(x1,z2) = k. (37)
1,72

Let the penalization be governed by A and consider
L(z1,29,\) = f(11,72,&) — Mk — g(71,72)).

Here, ) is the penalty and k—g(x1, x5) is the deviation of g(z1, x2) from k. Suppose f,g € C*,

then for ¢ = 1,2

ac(%a%,)\ ) = E(%axz?a) + A E(ml’xZ) =0.
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Of course, there is no guarantee that the pair (x}, z3) that solves this two-equation system,

does so satisfying g(xf, z3) = k. This can be attained by adding

oL

5(:5*{,1:;, N = —k+g(x],z3) = 0.

In this case, the triple (z7,x3, \*) is a stationary point for L.
Now, an example where n = 3 and ¢ = 1. Let f(x,y,2) = 20 — 2y + z and g(z,y, 2) =

2® +y? + 22 — 9. Then,
E(Ivy,Z;A):2x—2y+z_/\(x2+y2+22_9)

and we have

oL

a—(m*,y*, 25N =222\ =0=2"\" =1, (38)
x
oL
a—(x*,y*,z*, AN)==2=-2yN"=0=y"\" = —1, (39)
Y
oL 1
E(x*,y*,z*,/\*) =1-2"\"=0=2"\" = 5 (40)
Also,
oL
a(ﬁ,*’y*?Z*?A*) — ZL’*2 +y>k2 4 2*2 —9=0
implies /\12 + )\12 + M%Q =9= )\ = j:%. If \* = %, then z* = 2, y* = =2, z* = 1, and if
A= —%, ¥ = —=2,y* =2, 2¢ = —1. Substituting back into the objective function we have

f(=2,2,—1)= =9 and f(2,—2,1) =09.

Theorem 122. Let z* be a solution for max f(z,a) subject to g(x) = 6 where f, g € C!

and rank(Dg(x*)) = ¢ < n. Then, there exists a unique \* € R® such that

Df(z*) + X' Dg(z*) = 0. (41)
g
Proof. Let z* = C;*l be a solution for ([36). Because z* is a solution it satisfies g(z*) =
nfc/b;l
0 or g(z},, x) = 0. By the rank assumption, rank(Dg(z*)) = rank ( D&i<cx*) Dﬁxg(_x*) ) =

cXn
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c. Hence, det(D,g(z},25)) # 0 or Dag(x},,x3) is invertible. Hence, by the Implicit Func-
tion Theorem, for any given x5 in a neighborhood of a7 there exists a unique C! function
(differentiable) h : Ug — U, with h(xg) = z,, such that g(z,,z3) = 6 where U,, Us are
open balls centered at z7,, and xj. Now,

g(h(zg),25) = 0 = Dag(z)Dh(xs) + Dag(x) = 0 = Dh(xs) = — [Dag(x)]”" Dag(x).

Now, let F': Ug — R such that F(xg) = f(h(zs),75). If * = (2}, 2}) is a solution for
then z7 will be a solution for

max {F(xp); x5 € Us}
zg

and therefore, DF (z}) = 0 (Uj is open, so if 7 is a maximum, it must be this value). Now,

0 = DF(x})

= Df(h(x}), zj)

= Daf(2")Dh(x) + D f(27)

= Do f(2")(=)[Dag(x")] " Dag(x™) + Dpf(z")

= A" Dyg(z") + Dsf ("),
Hence, Dsf(x*) + \* Dgg(z*) = 0. O
Remark 42. If ¢ = n, then —Df(z*)Dg(z*)~" = \* and the proof is obvious.
We now give sufficient conditions for a global maximum.

Theorem 123. (Sufficient conditions for a global mazimum) Let f be pseudo-concave and

all ¢%(z) be quasi-concave. If (x*, \*) satisfy the Lagrange condition,

Df(z*) + X' Dg(z*) = 0,
with x* feasible in the constraint set and \* > 6, then x* is an optimal solution to the
Lagrange problem .
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Proof. We show that if z* is not a solution for then it does not satisfy . If z*
does not solve there exists © # z* such that f(z) > f(x*). Pseudo-concavity implies if
f(z) > f(z*) then Df(z*)(x — 2*) > 0. Note that g(z) = g(z*) = 0. By quasi-concavity of
¢’, we have

D¢’ (z*)(z — %) > 0 for all 5, or Dg(z*)(z — z*) > 6.
So, combining the last inequality with Df(z*)(x —2*) > 0 and A > 6
0 < Df(z*)(z — 2*) + X Dg(a*)(z — 2*) = <Df(.r*) + A*’Dg(x*)) (x — 2%
and we conclude D f(x*) + A\ Dg(x*) # 0. O

Theorem 124. (Sufficient conditions for a strict local maximum) Let x* be feasible, satis-

fying the Lagrange condition for some \*. Assume that
D2L(x", \") = D2f (2", \) + >\ D¢ (a)
j=1

is negative definite subject to the constraints Dg(x*)h = 0, viz., k' D2L(z*, \*)h < 0 for all

h € R"™ such that Dg(z*)h = 0. Then z* is a strict local maximum of f subject to g(x) = 6.

Proof. Let h be a direction vector in R™ and consider a feasible point x* + ah where o > 0.

By Taylor’s Theorem
2
L(z* + ah, \Y) — L(z*,\*) = D, L(x*, \)(ah) + %h’pgﬁ(m* FO.ah, \)h (42)
for some 6, € (0,1). Writing in detail, we have

L(x* + ah, \*) — L(z", ) = f(a* + ah) + X g(z* + ah) — f(z*) — X g(x%)

2
— (Df(z*) + X Dg(a*))ah + %h’Dgﬁ(x* + Gach, N

Since, by assumption, #* and z* + ah are feasible, we have that g(z*) = g(z* + ah) = 0 and

r* satisfies the Lagrange condition, i.e., Df(z*) + \* Dg(z*) = . We have,
2
F(@* +ah) — f(a*) = %h’Dic(a:* + Onah, X' (43)
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Now, suppose that x* is not a strict local maximum of f, we want to show that if this is the
case then D2L(z*, \*) cannot be negative definite subject to Dg(z*)h = 6 (DL > 0).

Consider a decreasing sequence of real numbers 9, > 0 such that 6, — 0 as £ — oo, and
construct balls B(z*,d;) for k = 1,2,--- If 2* is not a strict local maximizer of f(-), then,
for all such balls, we can choose 2% € B(x* d;) such that f(z%) > f(x*). We write the
vectors 2% in the form

2% = ¥ 4+ aih®

where h¥ is a unit norm direction vector. Observe that by construction z% — z* as k —
oo, implying that o, — 0. Now, {h*} is a bounded sequence in R", so by the Bolzano
-Weierstrass Theorem, the sequence {h*} has a convergent subsequence. For simplicity,

assume that h¥ itself converges to some h, then, for each z* + a;,h*, we have

1
—(g(2* + aph®) — g(z*) =0 (by feasibility).
677

Taking limits as k — oo, we have Dg(z*)h = 6. By and the assumption that f(x%) >
f(z*) we have
2 !/
%hk D2L(a* + Opaxh® NORE = f(a* + aph?) — f(a¥) > 0,
or
1 1
§h"” D2L(x* + Opa,h™ N )hF = ?(f(x* + ah®) — f(z*)) > 0.
k
Taking limits, as £ — oo
1,
5h D2L(x*, \*)h > 0.
Hence, there exists a vector h such that Dg(z*)h = 6 and D2L(z*, \*) is positive semidefinite.

This completes the proof. O

Theorem 125. Let V(o) = maz{f(z,a); g(x,a) = 0}, where f, g € C*. If x* satisfies the

conditions for a strict local maximum, then V s differentiable at oy and
DV (ag) = DoL(z*, ) = Do f(z*, ) + AgDag(z*, arg).
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Proof.

D, L(z*, o) = Dy f (2, ag) + Mg Dog(*, ) = 6 (44)
DyL(z", o) = g(x", 09) = 6 (45)
Under the assumptions of the theorem there exists z(«), a function which is differentiable

and provides a solution for the optimization problem. Hence, we write V(a) = f(z(«), «)

and

DV (ag) = D, f(x*, a9) Dx(c) + Do f (2™, ap)

= =X Drg(x”, o) D) + Do f (2", ). (46)
Also, substituting z(«) into and differentiating we get
Dyg(z(a), ap) = Dyg(x*, ag) Dx(cg) + Dag(z®, ag) = 0.
Substituting back into gives

DV () = NyDag(*, ) + Do f(*, ag).

19.5 Scenario 3

We now consider optimization problems where the optimal choice x* is constrained by a weak
inequality. This is what we referred to earlier as Kuhn-Tucker problems. For motivational
purposes, suppose we want to maximize f : R — R, where f € C?, f®(z) < 0 for all z,
restricting the choice of x to the set [0, 00). Suppose, the maximum z* € (0,00) and f is as
depicted in figure A (see attached). In figure A, x* is such that f( = 0. The fact that z*
must be in [0, 00) is of no consequence, that is the restriction is not binding.

If f is as depicted in figure B, again, * is such that f)(2*) = 0. The restriction that

x € [0,00) is of no consequence, not binding.
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Now, suppose that f is as depicted in figure C. f(0) is the maximum value of f over [0, c0)
and at the maximum z* = 0, f(0) < 0. So, the solution for the optimization problem can

be characterized by,
fO(xx) =0, if 2* > 0,

fD(zx) =0, if 2" =0,
fW(xx) <0, if 2* =0,
where in the last case the constraint is binding. This can be written as,
fY(z*) <0, 2" >0and fO(z*)z* = 0 at least one of z* or fM(z*) must be zero.

These may be viewed as necessary conditions for a local (and global) maximum under the
assumptions made on f and the permitted range of values for x.

Similarly, if x € R™ we have,
of

%—f(x*) <0, 2} > 0 and Z=(z")2} = 0, for all i,

Note that if we want to solve,
mgxf(a:l, -++ xy), subject to g'(x) >0, ¢*(z) >0 ---g°(x) >0, and z > 0
we can write the maximization as
m;le(xl, .-+ xy,) subject to gt(z) — 21 =0, ¢*(x) — 22 =0 -+ ¢g°(x) — 2. = 0,
with x > 6 and z > 0. Furthermore, we could write
L(w,20) = f(2) + X (glx) - 2).
Then, we set the first-order partial derivatives to zero and implicitly define z*, z*, \* such

that g—é(a:*,z*,)\*) =0, g—f(x*,z*,)\*) =0 and g—f(a:*,z*,)\*) = 0. But since it must be that

x> 6 and z > 0, we have

oL oL
axi(x 25 A7) <0, 2f >0, xl@:{:i

(", 2", \")=0fori=1,--- n, (47)
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g—f(:r;*,z A1) <0, 25 >0, ngﬁ( A =0forj=1,--- ¢ (48)
J

oL .

o, (@525 \) =g/ (2") — 2, = 0. (49)

Note that g—;(x,z,)\) = —)\;, where g—fj(x,z,)\) < 0 by (48), hence A7 >0, z; > 0 and
Nizi = 0. From (49) 2} = ¢’ (z*) so back to we have

A} >0, ¢ (") >0, Ajg’ (z) = 0.

We say that a constraint is biding or active at x if ¢/(x) = 0 and a constraint is non-biding

or inactive at x if ¢?(x) > 0. Hence, the first order conditions for maximization are

9, 2N A) = o

(@) + A

with 27 > 0 and 2} 9% (27, 2%, A*) = 0, A} > 0, ¢/(¢*) > 0 and X;¢7(2*) = 0. Note that we

got rid of the the 2’s. These are the Kuhn-Tucker conditions. Alternatively, we can consider

LK (2, 0) = f(z) + Ng(x)

and set
8£KT aﬁKT ]
S (@ X) <0, (@ X = g ) 2 0 (50)
x; >0, A >0, (51)

aﬁKT e e s aﬁKT
0277; (ZL‘ 7/\ )xz - Oa 6)\]

Example 32. Suppose we face the following maximization problem
max f(z1,22) = — [(z1 — 4)* + (z2 — 4)*] subject to
1,22

201+ 319 > 6 <= 211+ 319 — 6 >0, and — 311 — 219 > —12 <= —3x1 — 225+ 12> 0
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with x1,x9 > 0. Then, we write
LET (2 N) = — (21 — 4)? — (22 — 4)* + M\(221 + 339 — 6) + Xo(—3zy — 225 + 12).

We must have: a) using

aﬁKT

5o = ~2n =4+ 20 = 3) <0 (53)
ag;j = —2(xg —4)+ 3\ — 225, <0
ag;T =221 +32,—-62>0
5’85;; = —3r; — 229+ 12 > 0.
b) using
21,22 > 0, A\, A2 >0 (54)
c) using
(—2(wy — 4) +2)\; — 3A)ay = 0 (55)

(—2(.132 — 4) + 3)\1 — 2)\2)562 =0
(2I1 + 31’2 — 6))\1 =0

(—31'1 + 21’2 + 12))\2 =0.

Note that in this case

flarws) = =[(21 — 4)" + (22 — 4)7],

(.

-~

always positive

and because of this it is easy to see that f is maximized at (4,4). Obviously, following the

method to find a strict local maximum we have that

%(.’L’l,ﬂfg) = —2(1‘1 — 4), %(%1,1‘2) = —2(1‘2 — 4)
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-2 0 ] and

and setting both derivatives to zero we find xt = x5 = 4. Also, D*f(z*) = l 0 -9
o' D f(z*)a = (=201 — 2012) ( Zl ) = —2a% — 202 = -2 Z?:l a? < 0. Hence, we have an
2

unconstrained maximum.
Now, we incorporate the additional constraints, i.e., 2x1 + 3x9 > 6, —3x1 — 229 > —12,

x1 >0, 29 > 0. Then, x1 and x5 must be chosen from the shaded area S in figure KT. Note

dﬂ?g xr1 — 4

dre = 0= — = )
2 dl’l .%'2—4

that by setting the Fréchet differential with increment dx to zero

Df(xy,x9)dr = —2(x; — 4)dxy — 2(x9 — 4)
%, i.e., the slope of the binding constraint we have

Setting the slope of the circles equal to
—4 3
—(ml ):——:>2x1—3:v2:—4,

T —4 2
2%,2%).

which can be solved together with 3x1 + 2z = 12 to give (a7, x3) = (
This illustrates that fact that constraints are either binding or non-binding. If they are

binding - met with equality - we can consider a Lagrangian problem. If they are non-binding,

the associated optimal X must be zero. So, the problem can be re-stated as

,C(l'l, T, )\1) = —(I'l - 4)2 - (CL’Q - 4)2 + /\[—3[)’21 - 21‘2 + 12]
with
oL
87(%'1, T, )\1) == —2(1’1 - 4) — 3\
1
oL
%(.Tl, Ta, )\1) = —2(33'2 — 4) — 2)\
2
oL
a([[’l, T, )\1) == —31’1 - 2.172 + 12.
Combining aa_:fl> g—é = 0 we have 2(x} —4) = 3(x5 — 4) & 227 — 3z5 = —4. Together
with 25 (3,25, \*) = 0 & 32} + 223 = 12, which gives exactly (z},23) = (25,213) and
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Obuviously, in general if we do not know which constraints are binding, and we can max-
maze
E(;Cl, T, 21, 29, )\1, )\2) = —(Il —4)2— ($2—4>2+)\1(—31’1—2$2+12—21)+)\2(2$1+3I2—6—22)

subject to x1, 9, 21,29 > 0. Then,

52 —2(x] —4) =3\ +2X5<0,27 >0 andmla—xl(x 25N =0 (56)
Fre —2(x5—4) — 2\ + 325 < 0,25 >0 and%a—xz(x 25 A) =0 (57)
aﬁ * * * %k * * k %k
Z1
a£ * * k% * * k%
22
a£ * * *
a£ * * *
a—)\222x1—|—3l‘2—6—2’2:0 (61)
= —3x] — 225+ 12
The last two conditions, viz., and give 1 o Tt so that the
25 = 227 + 325 — 6
last four conditions, , , and can be summarized as,
Al >0, =327 — 225+ 12 > 0 and A\j(—32] — 225+ 12) =0 (62)
and
A5 > 0,2x] 4+ 325 — 6 > 0 and \5(2x] + 3z5 — 6) =0 (63)
That 1is,

1. if the constraint is not binding (>) then \; =0
2. if the constraint is binding (= 0) then \; >0 or \j = 0.

Note that conditions — can be equivalently stated as , , and , which

do not involve 27, z5. Hence, consider
,CKT($1, T, )\1, )\2) = —(1’1 — 4)2 — (SEQ - 4)2 + )\1(—31‘1 — 21’2 + 12) + )\2(21’1 + 31‘2 - 6)
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and

ag;T = —2(x] —4) = 3\] +2X; < 0,27 > O,x”{g—fl(x’{,x;, A) =0 (64)
8§ZT = —2(xy—4) =2\ +3X; < 0,25 > O,ng—xi(ac;,x;, A) =0 (65)
ag;T = (=3x] — 225+ 12) > 0,\] >0, g—fl(:zz*, AN =0 (66)
agf = (22} + 325 — 6) = 0, X5 > 0, g—i(gg*, AN = 0 (67)

Note that and are respectively and , and and are respectively
and .

Remark 43. If there is no imposition that x5, x5 > 0 then and become

KT

agx = 20zt —4) =3\ + 2\ =0 (68)
1
KT

agm = 2025 —4) —2XT+ 3\, =0 (69)
2

which can be combined into

o o (323
la(sz]:[%iE % *;

8332 8552 xl’xz 2 3
or
D, L5 (@, X7) = Dy f (z7) + A Dyg(a®) = 0 (70)
together with
Dy, L8 (2, ) = 0, X5 > 0, D5, L5 (2", AX)Xs =0 for j =1,2. (71)

The fundamental question addressed in the Kuhn-Tucker Theorem is the existence of \* such

that, if x*solves the Kuhn-Tucker problem, then and are met.

Now that we have set up the motivation for our problem and considered a comprehensive

example, we will consider the general problem
max{f(z,a): = € c(a)}, such that c¢(a) ={z € X: g(x,a) >0} (72)
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where f: X CR" = R, g: XCR" — R¢and f,g € C°

e An inequality constraint ¢/(x) is active (binding) if it holds with equality (¢’(z) = 0)

and inactive (not binding) if it is met with strict inequality, where z is a feasible point.

e Intuitively, only binding constraints matter in the optimization, that is, only binding
constraints impact the local properties of a solution. If we know the active constraints,

we could ignore the inactive ones and solve a Lagrange problem with ¢/ (z, a) = 0.
e As in the Lagrange case consider if there is no requirement that x* > 0

LET (2,0) = f(x) + Ng(x)

and
D.LET (2,)) = Df(x) + X Dg(z) = 0
Dy, L5 (z,\) = ¢/(z) >0 and ¢ (x)=0 if \; >0
N >0 and X\ =0 if ¢ (z)>0 (inactive),
or

Dy, L8 (z* X)) >0, N5 =>0, DyLN(z*, X)X =0.
e In what follows we adopt the following notation
#(x*)=0 for j=1,2,...,B (binding).

¢ (x*) >0 for j=B+1,...c (non— binding).

and define,

so that



We partition the multipliers in a similar way, that is, A = (A, A,)". Hence, the Lagrangian

b 'n

condition (D f(z*) + A* Dg(z*) = 6) becomes
Df(x*) + X, g"(x) + X g" () = 0.
Theorem 126. (Kuhn-Tucker) Let * be a solution for the problem

max f(x, &) subject to g(x,a) >0, z € R",a € RP, g € R°

where f,g € CY, rank(Dagb(z*)) = B < n. Then, there exists non-negative multipliers

A€ Re, such that (z*, \*) satisfy

Df(z*) + X" Dg(z") = 0

(74)

forall j=1,2,....c, ¢(x*) >0, X > 0 and ¢’ (z*) = 0 if A} > 0 and \; = 0 if g’ (z*) > 0.

T1 TB+1

Proof. Let x = [ ia } such that z, = oL as = : and
B

Consequently, we can write as

Dog’(x*) Dpag’(x*)

Dof(z*) Dgsf(z*) +< AN ) BxB Bxn-B | _ g
1xB 1x(n—B) 1xB 1xc—B Dg”(x*> Ixn’
c—Bxn

Now, we define the multipliers as A} = 6 for inactive constraints. So,

[QJW)DM@ﬂ}+(WDw%ﬂ WDw%ﬂ)zgn

IxB 1x(n—B) I1xB BxB 1xB Bx(n—B)

and we have for the first B equations

D.f(x*)+ X} Dagb(x*) = 0 .
1xB IxB BxB 1xB
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By the assumption that rank (D,g"(2*)) = B we have

N = —Dof(z")(Dag’(z")) "

1xB 1xB BxB

It remains to show that

Daf(z") + A Dsg’(«*) = 6 and N >9.

1x(n—B) 1XB Bx(n—B) 1x(n—B)

21
Z9 “b
(i) We introduce “slack variables” z = | | | = E; “I ] g(z) > 0 can be written as
: n
c—Bx1
ZC

g(z) — 2z = 6 and z > 0. Now, by continuity of the constraints (g’) there exists € > 0 such
that for z € B(x*,¢) we have ¢’(z) > 0 (non-binding, that is z, is strictly greater than the
null vector) for all j = B+ 1,...,c. As long as we stay in this ball we can ignore inactive

constraints. The active constraints can be written as G(z,2) = ¢°(z) — Iz, = 0 and
Bx1  Bxt  Bxl

zp > 0. If 2* solves , then it also solves
max{f(z,a),G(x,z,) = 0,2, > 0,2 € B(z",¢€)}. (75)

We know that binding the constraints satisfy G(z*,z;) = 6 with z; = 6. Differentiating
G with respect to z,, we have D, G(x*,2}) = DoG(x*,0) = D,g"(z*) and D,g°(z*) is
invertible. Hence, the assumptions of the Implicit Function Theorem hold for G(z, z,) at
(z%, z5) = (2, 7}, 0) and the system G(z7, 7, z;) = 0 implicitly defines z7, as a function h

of x5 and z,. That is, there exists h : Us, — U, with h(xg, 2,) = x, such that
G(h(zg, 2), 15, %) = §"(W(wp, ), 25) — T2, = 0 (76)

where U, and Ug . are open balls centered respectively at x, and (z, ). Differentiation of

yields
Dagb(x*)Dﬁh(xZ, z5) + Dﬂgb(a;*) =90,
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from where
Dgh(w5,0) = —(Dag"(2*)) "' Dgg"(") (77)
and differentiating with respect to z,
Dog®(z*)D.h(x}, ) — I = 0.

Implying that D.h(z},6) = (Dag®(z*)) "

Now, define F(zg, 2,) = f(h(ws,2),73) and observe that the pair (27, 2;) = (23, 0) will
———

Bx1
be an optimal solution for
maz{F(zg, 2); 220 (25, 2) € Us.:}
and therefore will satisfy
DgF (x5, 2,) = 0 and  D.F(xj,2) <0 (78)

That is, for each 1 = 1,2, -+, B, we have

D F(xs,2z;) <0and D, F(x}, 2) = 0if z; > 0.

z; > 0and z; =0if D, F(rs, ) <0
Then, from ([78)
DgF (g, ) = Dsf (h(x, ), 25) = 0
= Do f(2")Dgh(xp, z) + Dsf(x7) = 0
= —Dof(x*)(Dog’(x*)) " Dag’(x*) + Dsf(x*) = 0 from (77)

=\ D3¢’ (z*) + Dgf(z*) = 0 from the expression for A}
Finally, D.F(z%, 2;) < 0 gives
D-f(h(xh, ), 25) = Daf (@) D:h(h, ) = Daf(a")(Dag’(2")) ™ = =X < 6
or \j' >0. O
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We now state two theorems without proof. The proof of Theorem is similar to that

of Theorem We leave the proof of Theorem as an exercise.

Theorem 127. (Sufficient conditions for a global maximum). Given the problem in (72)),
assume that f is pseudo-concave and that the constraints ¢’(x) are all quasi-concave. Let

(x*, \*) satisfy the conditions in the Kuhn-Tucker Theorem. Then, x* is a solution for (72)).

Theorem 128. (Uniqueness) Let x* be a solution for . If f is strictly quasiconcave and

the constraint functions ¢’(.) are quasiconcave, then x* is the only solution for (72)).

20 The proper Riemann integral

The proper Riemann integral is defined for bounded functions on compact intervals of R.
We start with definitions associated with a partition of a compact interval [a,b] C R with

a, b e R.

Definition 78. 1. Let [a,b] C R and a =ty < t1 < --- < typ)—1 < tgp) = b where
k(P) € N. The set P = {ti}fj;’) is called a finite partition of [a, b].

2. If P and P’ are partitions of [a,b] and P C P’, we say that P' is finer than P or a

refinement of P.
3. The mesh of P is m(P) := max (t; —t;_1).

1<i<k(P)

If f:[a,b] = R is bounded and P = {¢; } 0 is a partition of [a, b], let
mf = inf f(x) and Mjf = sup f(z)forj=1,... k(P).

tj—1<w<t; t;_1<x<t;

Then, the lower and upper Darboux sums are defined by

k(P)
Zm ] 1 and S ] = Z Mjf(t] - tj—l)- (79)
j=1
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We note that if h := f 4 g, where f, g : [a,b] = R are bounded, then from the definition of

supremum,

k(P) k(P)
SF[h] = Z sup h(z)(t; —tj_1) < Z (t sup f(x)+ sup g(x)) (t; —tj-1)

=1 tj—1<z<t; j—1<e<t; tj—1<z<t;

= S"f1+5"g).

J=1

In addition, since sup |f(z)| = max{ sup f(x), —inf f(x)} we have that either

tj,lgxgtj tj,lgxgtj tj—1<z<t;
sup [f(z)| = sup f(z), whichimplies sup [f(z)|=| sup f(z)|,or sup [f(z)|=
tj_lgxgtj t]-_lgzgt]- tj_lgxgtj tj_lfmgtj tj_lgil‘gtj
—inf f(x). In this case,
tj_1§.1‘§tj
— sup |f(z)|= inf_ f(z)< sup f(z)< sup [f()],
ti_1<x<t; tj—1<z<t; t;_1<x<t; ti_1<x<t;

where the first inequality follows from the definition of infimum and supremum and the sec-

ond inequality follows from f(z) < |f(x)|. Hence, we have that | sup f(x)| < sup |f(x)].

tj,lgxgtj tj,lgxgtj
Thus,
k(P) k(P)
ISP < D IM |t —t50) <> sup [f(@)](8 — t51)
j=1 j=1 tji—1<z<t;

k(P)

= ST < CZ(%‘ —tj-1) =C(b—a).
Similarly, |Sp[f]] < Se[|f]] < C(b— a).

Theorem 129. Let P and P’ be partitions of [a,b] C R such that P C P" and f : [a,b] — R
be bounded. Then,

Splf] < Splf] < ST[f] < S7If].

Proof. Let P = {ti}?gg) and P’ = P|J{t} where, without loss of generality, t) < ¢t < t;. Let

m{l = t<inf f(z), m{;t = inf f(z) and note that mg;t, m{’l > m{. Then, (t; — t)m{l >
<z<ty 0<x<t

(t, — t)md and (t — to)m&t > (t — to)m]. Consequently,
(ti —tymi | + (t — to)ym, > (ti — tym] + (t — to)m] = (t — to)m].

161



Thus, Splf] = (b —to)m]{ + 350 m] (1 = ;1) < (b= t)mf + (¢ = to)mi, + 3235 mi (¢ —
tj-1) = Spi(f].
Now, Sp/[f] < SP'[f] follows by definition and ST'[f] < SP[f] follows by the same

argument used for lower Darboux sums. O]

It follows from Theorem that for any two partitions P; and P, we have that Sp [f] <

SP2(f]. To see this, let P = P,|J P», then

Snlf] < Splf] < ST[f] < 8™[f] (80)

We now define lower and upper Riemann integrals.

Definition 79. Let f : [a,b] — R be bounded. The lower and upper Riemann integrals of f

over |a,b] are defined as

b T b
/L fimsup Splf] and [ = inf 717, (s1)

where the supremum and the infimum are taken over all finite partitions of |a, b].

Theorem 130. f_abf Sf_abf and f_abf . —f_;(—f)~

Proof. Since fab f is an infimum, for any € > 0 there exists a partition P, such that ST1[f] <

f_abf + €. But since for any P, Sp[f] < ST1[f] we have that Sp[f] < f_ff + €. Then, since €

is arbitrary sup Sp[f] := fff < f_abf.
P Ja

JU(—f) = infSP [ f). But

k(P) k(P)
STl=f1= ;tjfgqu(_f(x))(tj —tj1) = — ;tj_liggtjf(ﬂf)(fj — tj-1).
Consequently,
k(P) b
=511l = 3ot F0) 60 o= L
But sup{~S”[~/]} = ~nf{s"[~f]} = — [*(=f), which completes the proof. O
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We are now ready to define the Riemann integral.

Definition 80. A bounded function f : [a,b] — R is said to be Riemann integrable if its

upper and lower integrals are the same. The common value is denoted by

/abf(w)d:v - ff - /ibf

and called the Riemann integral of f over the interval [a,b]. The collection of all Riemann

integrable functions on [a,b] will be denoted R|a, b].

It is easy to find bounded functions on |[a, b] that are not in Rla,b]. For example, let

ol if z € Q[0,1]
f@) {0 if ¢ QN[0,1]

Note that Sp[f] = 0 and ST[f] = 1 for all P. Consequently, 0 = fabf =+ f_:f = 1. The func-
tion f is called the Dirichlet jump function. The next theorem provides a characterization

of Riemann integrable functions on [a, b].

Theorem 131. Let f : [a,b] — R be bounded. The following statements are equivalent:
1. feRla,b]
2. For all ¢ > 0 there exists a partition P such that ST[f] — Sp[f] < e.

3. For all € > 0 there exists some § > 0 such that ST[f] — Sp[f] < € for all partitions P

with mesh m(P) < 4.

4. The limit I = m(l}gr)nﬁo Zf(j) f(x;)(t; —tj_1) exists for any x; € [t;_1,1;].

Proof. (1 = 2) By definition of supremum and infimum, we have that for any partitions

Pl and P2 _
b b
sPi - [f<ezand [7-Salf) <2
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But by 1. we have that f_ab f= fab f and consequently
S”[f] = Splfl < e

Letting P = P, |J P, by equation we have ST[f] — Sp[f] < e.
(2 = 3) We fix € > 0 and denote by P, := {a = t§,1{,...,b = tZ(PE)} a partition of

[a, b] that satisfies item 2. Let P = {a = to,t1,...,b = typ)} be a partition of [a, b] such that

. 1 . € —
m(P) < § and § < min {Elgg}cl(lpe)(tj —ti1), m} where || f|le = xsel[lapb]|f(x)| Now,
write
k(P)
SPIf1 = Splf] =Y (M = mP)(t; — tj1) = (M —mi)(t; — ;1)
j=1 3:Pe ([t -1,t5]#0
+ (M —mi)(t; — ;) (82)

JiPeN[tj—1,t;]=0

and note that by definition t; —¢;_y < m(P) < d forall j =1,---, k(P). In particular,
ty —a <m(P) <. (83)
Also, P.([to, t1] = {a}. To see this suppose that t{ < t; so that P, ([to,t1] = {a,t{}. Then,

1 : € € €
thh—a<6< 5135‘2%}1)(% —t5,) <t} —a, (84)

which implies ¢; < t{, contradicting t{ < t;. Similarly, P (\[txp)-1,tkpy = b] = {b}. All
other ¢5 appear in exactly one, or at most two intervals of the type [t;—1,t;]. Hence, the first

sum on the right side of has at most 2k(P¢) terms. Thus,
S M =m)t —t) <2 e Y. (= to1) < 2| fllee2k(P)S < €.
GiPe N[tj—1,t;]#0 JiPe N[tj—1,t5]#0

For the second sum in , note that we consider only the j such that P. ([t;—1,%;] = 0, so
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it must be that [t;_1,%;] C [t5_,5] and we write

k(P)
Z (M} =mi)(t; = tj1) = Z Z (M —m])(t; — i)
JiPe Nltj—1,t;]1=0 F=1 it ] CtS 8]
k(P)

>OY M —m )

F=1 it GC[ES ot

IN

k(P)

< ST (MP - mPy s —t,) = SP[f] — Self] < €

j=1
Combining the bounds on both sums we have ST[f] — Sp[f] < 2e.

(3 = 4) Fix € > 0 and choose P with m(P) < § such that ST[f] — Sp[f] < €. Then,

for Z; S [tj—17tj]

k(P)
S = e < Splf1 <D )ty —tima) < STIf] < Splf] +e
j=1
Taking, sup we have
P
b k(P) b
sup Sp[f] = / F <) flx)(t; —tj—1) <supSp[f] == / J+e
P a = P Ja_

and taking ir}gf we have

igfsp /f—e<foj ti_ 1)<ig{-‘sp[f] ::/f.

Thus, € < S0 f(2))(t; — tj-1) — [} f(x)dz as m(P) — 0.
(4 = 1) Assuming that that the limit in 4. exists, we have that for any ¢ > 0 there

exists some partition P with m(P) < § such that
k(P)

—6<Zfl‘] —ti1) <I+e

for any value x; € [t;_1,t;]. Since these inequalities hold uniformly for any intermediate

value, we can write
k(P)
€5 f —tj1) < . <71
E erﬁ?lt] (t—t) <Y sup fla)t—t) < I+e

j=1 T€ltj-1:t;]
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Thus, [ —e < Sp[f] < SP[f] < T+ ¢€and

b Y
I—egsp[f]é/fg/fgsp[f]§1+e,

which completes the proof. n

It follows from Theorem that if f € R[a,b] and P, = {t;,}i", for n € IN is any

partition of [a, b] with M(FP,) — 0 as n — oo, then for any x;,, € [ti—1, tin]

kn b
Z F(@in)(tin — ticin) — / f(z)dx as n — oo.
=1 a

The sum on the left of the convergence statement is called a Riemann sum. It should be
noted that the convergence of Riemann sums for some partition P, does not guarantee the
existence of the integral. As an example, consider the Dirichlet jump function, which is not

Riemann integrable on [0, 1], and the partition P, = {i/k,}*",. Then,
k . k
- i o1—1 1 &
Suppose n < k,, and z;,, € Q fori=1,--- ;nand x;, ¢ Q fori =n+1,--- , k,. Then,
al i i1 n
i s (- ) = g

which can be any number in [0, 1]. For example, take k,, = an where a > 1, then lim & =
n—oo ™

a .

Definition 81. f: [a,b] — R is called a step function on |a,b] if

HOEDIRAC

where N € N, y; € R and {I;};,ew is a collection of adjacent intervals such that Ufil I, =
la,b] and I;(1; is at most a singleton. The intervals I; may be open, half-open, closed or

degenerate]|

TA degenerate interval is a singleton, i.e., [a,a] = {a}.
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The next theorem shows that step, continuous and monotone functions on [a,b] are

Riemann integrable.

Theorem 132. Let f : [a,b] — R. If f is a step, continuous or monotone functions on |a, b

then f € Rla,b].

Proof. Suppose that f is a step function, i.e., f(z) = Zfil yiI1,(z). The endpoints of the
the intervals I; form a partition P = {ty = a,ty,--- ,txy = b} of [a,b]. For every ¢ > 0 define
the partition P. = {a = 59 < 1 < 8] < 89 < s < -+- < sy_1 < sy_; < sy = b}, where
si<ti<sifori=1,--- ,N—1land s, —s; < m Note that f is a constant on each

interval [s}_;,s;] fori =1,---  N. Hence, we have that

Spe[f]—SPE[f]ZZ( sup f(x)— inf f(x)) (sg—si)§i2||f|]oo ( € —

i1 \e€lsisil a€ls} sl p— 2(N = Dl fll
Hence, by Theorem [131] f € R]a, b].
Suppose [ is continuous on [a,b]. Since, [a,b] is compact, f is uniformly continuous on
la,b]. Then, for any ¢ > 0 there exists § > 0 such that for any pair z,y € [a, b] such that
|z — y| < § we have |f(z) — f(y)| < e. For every partition P such that m(P) < § we have

tj — tj,1 < 4 and

k(P) k(P)
STIf) = Splf] = (M = m))(t; = t;1) Z (t; = tj1) = e(b — a),
i=1 i=1
since Mjf - mf = [ | ]f(y) — f(x)|. Thus, by Theorem [13113 f € R]|a,b].
T,YEtj—1,t;

Without loss of generality suppose f is monotone increasing on [a, b]. Let t; = a+ j% €

P for j =0,...,k(P) and note that

k(P) k(

T

)

S

S
|

S

;= my)(ty —ti1) = k(_P)

Jj=1 J

SP[f] - SP[f] =

7
=

(f(t;) = f(tj1)) = k(D) (f(b) = f(a)).

1

The last term can be made arbitrarily small by letting k(P) — oco. Hence, by Theorem 2
f € Rla,b]. O
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Theorem 133. Let f,g € Rla,b] and a, 8 € R. Then,
1. af + Bg € Rla,b],
2 f<g = [ fla)dz < [ glx)da
5. |f1, max{f,g}, min{f,g}, /", f~ € Rla,b] and |[} f(@)de| < [} |f(@)da.
4. f% fg € Rla,b].

Proof. 1. Let P, and P, be partitions of [a,b] and P = Py |J P». For x; € [t;_1,t;] let

k(P) k(P) k(P)
4 (af(zj) + Bg(xy)) (t; —tji-1) = «a Z f(xy)(t; —tj—1) + 8 Z g(z;)(t; — tj-1).

Since f, g € Rla,b] for any € > 0 if m(P;) < 6; and m(FP2) < d5 then

Zf(x] ti—1) / f(z)dx| <€
j=1
and
k(Pz) b
> o)t~ tioi) [ gla)de] <
j=1 @
Since m(P) < min{m(Py), m(FPs)}
k(P)
> (afte) + B0 (1) —a [ syt —5 [ o)
j=1
k(P) b k(P) b
< Jal| S @t~ t) = [ sa)da] + 181> gle)ts ~ 1)~ [ gorts
J=1 @ j=1 a
< (laf+8])e.
2. f < g implies that v = g — f > 0 and from item 1, 0 < v € R]a, b]. f :f
3. Let M]f = sup f(z)and mj inf  f(x). Then,
:rE[tjfl,tj] ZL‘E[tJ 1 t]
M{ —m]= suwp f@x)- inf fle)= sw (f(z)~f(y))
T€[tj_1,t)] TE[tj—1,t5] T,yElt;_1,t]
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It follows from the triangle inequality that ||f(z)| — |f(v)|| < |f(z) — f(y)|, and given the

symmetric role played by z,y on the supremum, sup |f(z) — f(y)|= sup (f(z)—
z,y€(t;_1,t)] zy€ltj—1,t5]
f(). Similarly, sup ||f(@)|=1f@)|l = sup  (If(x)|—|fW)]) = M —m). Hence,
Y€t 1.t z,y€ltj—1.t5]
M =l = sp (f@)] = 1f@) < swp o (1f(2) — FW)D)
z,y€tj—1.t5] T,Y€E[tj—1,t5]
= swp (f(@) = f@y) = M] —m]
z,y€ltj—1.t5]

Thus, by integrability of f, for any € > 0 there is a partition P such that

k(P) k(P)
Z(M]'.f‘ - m|jf‘)(tj —tjo1) <Y (M —ml)(t; —t;00) <,
j=1 Jj=1

which shows that |f| € R[a,b]. Now, since f < |f|, by part 2 we immediately obtain
that fab f(x)dz < fab\f(x)\dx Furthermore, by part 1, —f € Rla,b] and —f < |f|, hence
—fabf(x)dx < ff |f(z)|dz. Thus,

f;f(x)dx’ < f(f |f(z)|dz. For the remaining functions,

note that
max{f(z),g(z)} = % (f(@) + g(x) + |f(z) — g()]) ,
min{f(z), g(x)} = % (f(@) +g(x) = |f(z) — g(2)]),
f* =max{f(z),0} and f~ = —min{f(x),0}. Consequently, using part 1 and the fact that

€ Rla, b] we have integrability of these functions.
| € Rla, b] we have i bility of these functi
B 2 2
4. Since f? = |f|* and Mjf —mj-c = (Mjl-f‘)z—(TrLL-ﬂ)2 = (Mjlf|—m‘]4f|)(M]lf|+m‘J-f|) < ZC(MJW—
m‘jﬂ). Since, | f] is integrable we have integrability of f2. Lastly, fg = 1 ((f + ¢)* — f? — ¢°).

Since f2, ¢, (f +g)* € Rla,b], fg € Rla,b). ]

Recall that a sequence of functions f, : [a,b] — R for n € IN converges uniformly to

[ :]a,b] = R if for any € > 0 there exists N(e) € IN such that for all n > N(e),

|fu(z) — f(z)] < € for all x € [a,b)].
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Theorem 134. For every f € Rla,b] define the function F(x) := [ f(t)dt. It is continuous

for all x € [a,b).

Proof. Since f is bounded, let C' := sup |f(x)|. For all z,y € [a,b], x < y we g=have
z€la,b]

/:f(t)dt _ /ayf(t)dt‘ _

asy —x — 0. O]

Fl) ~ Fly)l = [ s < [t < ey -0 0

Definition 82. Let f : [a,b] — R be bounded. Every function F € Cla,b] such that F1) (x) =

f(z) for all but finitely many x € (a,b) is called a primitive of f.

Theorem 135. For every f € Cla,b] has F(z) := [ f(t)dt as a primitive. In addition,

b
F(b) — Fa) = / F(t)dt.

Proof. Since f is continuous, F' is well defined and continuous. For a < x < x + h < b and

/:+h F(t)dt — / F(t)dt — /;+h f(x)dt‘

[t s < | ) - fa)ar

z+h
ge/ dt = he

where we used continuity of f at x. Similarly, we get

sufficiently small h we have

|F(z+h) = F(z) = hf(z)] =

|F(z) = F(x —h) = hf(z)] < he.

Combining both inequalities we get lim,_,, F(yz’:f(x) = f(z). Finally, the formula in the
statement of the theorem follows from F(a) = 0. O

Theorem 136. (Fundamental Theorem of Calculus) Assume that F' is a primitive of f €
Rla,b]. Then,
b
F(b) — F(a) = / f(t)dt.
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Proof. Since F is a primitive of f, let S be a finite set such that F)(z) = f(z) if 2 €

(a,b) — S. For e > 0, integrability of f means that there is a partition P of [a, b] such that

SP[f] - Self] < e

and this inequality still holds for Py = PJS. Let the points of P; be denoted by {t;}_,

Since,

1

Z J 1))

and since F' is differentiable in each (¢;_1,t;) and continuous on [a,b], by the Mean Value

Theorem
F(t;) = F(tj—1) = f(§)(t — tj—1)-

Noting that m; := inf f(z) < f(&) < sup f(z) := M,, wec an sum over j to get

TE[tj—1,t5] T€[ti—1,t;]

SPf] — e < Splf] < F(b) — F(a) < S™[f] < Sp[f] + e

By integrability Sp,[f] < [ f(t)dt < SP[f] which shows that

/f fdt — e < F(b /f )t + c.

O

We now give the classical theorem on integration by parts without proof, which is left as

an exercise.

Theorem 137. Let f, g € Rla,b] with primitives F,G. Then, FG is a primitive of fG+ Fg

and

b b
/ f(OG(#)dt = F(b)G(b) — F(a)G(a) —/ F(t)g(t)dt.

The following result is a convergence theorem for (proper) Riemann integrals.
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Theorem 138. Let { f,}new be a sequence in Rla, b] which converges uniformly to f : [a,b] —
R. Then, f € Rla,b] and

lim bfn(a:)dx = /b le folz)dz = /b f(z)dz

n— o0
Proof. Let P = {tj}f(:%) be a partition of [a,b]. First, since f = (f — f,) + fn, we have
sup f(z) < sup (f(z)— fu(z))+ sup fu(x) and since sup f = —inf(—f) we have
x€[tj_1,t4] TE[tj_1,t5] TE€[tj—1,t5]
inf f(x)> inf (f(x)— fu(z))+ inf f,(z). Hence,

:ce[tj,l,tj] xe[tj,l,t]v} E[t] 1, t

Sp[f] _SP[f] = SP[(f_fn)"‘f_fn] _SP[<f_fn)+fn]
< SPI(f = fu)] = Spl(f = fu)] + ST fa] — Sp[fal.

Second, by the fact that {f,},enw converges uniformly to f, for any ¢ > 0 there exists

N(e) € N such that for all n > N(e)

k(P)
S =Sl = SelU = f0l < 23| s (= £)@)| (4=t

< 22 swp |f — ful (@)(t; — t;1) < 26(b — ).

-1 xe[t] 1t}

By definition S?[f] > f_abf and Sp[f] < fabf Thus, for all n > N(e)

/ ;- / F <SP = Splf] < 2e(b—a)+ SPIf] - Splfl.

Since f,, € R[a,b], by Theorem 2 there is some P such that ST[f,] — Sp[f.] < € for any

Zf—/abfgze(b—awre

establishing that f is integrable.

e > 0. Consequently,

Now, since f, f,, € Rla, b] we have that f — f,, € Rla,b]. From Theorem [133]3

/ () = fula)lda

and for n > N(e f |f(x (z)|dz < €(b — a), which completes the proof. O
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21 Improper Riemann integral

There are important extensions of the Riemann integral that are very useful. These exten-
sions are called improper Riemann integrals and involve the following cases: a) the compact
interval [a,b] is extended to either (—oo,b] or [a,00), b) the interval of integration is (a, b
or [a,b) and the function f(z) is unbounded as x | a or z 1 b respectively, ¢)the interval
of integration is (a,b) with —oo < a < b < 0o and the function f(z) may or may not be

bounded.

Definition 83. Let f € R[a,b] for all b € (a,00). If

YR

exits and is finite, we say that f is improperly Riemann integrable and write f € Rla, 0).
The value of this limit is denoted by faoo f(z)dz and called the Riemann integral of f over

la,00). Similarly, for all a € (—oo,b) if
b
lim f(z)dx
a——00 a
exits and is finite, we say that f is improperly Riemann integrable and write f € R(—o0,b].
The value of this limit is denoted by fi)o f(z)dz and called the Riemann integral of f over

(—o0,b].
An immediate characterization of Riemann integrability on [a, 00) is given by the follow-

ing theorem.

Theorem 139. f € Rla,00) < lim [ f(t)dt =0 for z <y < occ.

T,Yy—>00

Proof. (=) Let U(z) = [ f(t)dt for x € (a,00). Since f € Rla, 00) we have that lim U(z) =
T—r00

[ f(t)dt. But since every convergent sequence in R is Cauchy, |U(z)—=U(y)| = | [ f(t)dt| <

e for x, y sufficiently large. (<) Since U(z) € R for z € (a,0) is Cauchy, U(x) converges as

x — oo since R is completef] O

8Here, we consider the metric space (R, |- ).
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