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Chapter 1

Probability spaces

1.1 o-algebras
We begin by defining o-algebras and investigating some of their properties.

Definition 1.1. Let X be an arbitrary set. A o-algebra (or o-field) is a collection of subsets

F of X having the following properties:
1. XeF
2. Ae F = A°e F
3. Ay e Fforie N = iéJ]NAi e F.

In this context we say that F is a o-algebra associated with X. As a matter of terminology,

if A € F it is said to be a F-measurable set and the pair (€2, F) is called a measurable space.
Remark 1.1. 1. Since X € F, by property 2 we conclude that the empty set ) € F.

2. By de Morgan’s Laws < U Ai) = ﬂ]NAf and by properties 2 and 3, if A; € F for
1€

€N

1€ N, Af € F and N2 AT € F.

3. Given Remarks|1.1.1,[1.1.2 and Definition|[1.1, we say that F is “closed” under count-

able unions, intersections and complementation.
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4. A collection of subsets of X is said to be an algebra if properties 1 and 2 in Definition
hold and if A; € F fori=1,---m implies U™, A; € F with m € N.

5. If Ay, Ay € F then Ay — Ay € F. This follows from the fact that Ay — Ay = Ay N AS.
We now provide examples of o-algebras.

Example 1.1. 1. For any X, F = {X,0} is a o-algebra. It is called the minimal o-

algebra.

2. For any X, the collection 2% of all subsets of X is a o-algebra. It is called the maximal

o-algebra.

3. Let S C X and F a o-algebra associated with X. Then, Fs := SNF := {SNF : F € F}
is a o-algebra associated with S. It is called the trace o-algebra. We verify that Fg is

a o-algebra by establishing the properties of Definition |1.1):
1. S € Fg. Note that since X € F,SNX =S5 € Fg.

2. A e Fs = A° € Fs (note that A° = S — A, complementation relative to S).
Ae Fs = dF € F such that A= SNF € Fg. Since FF € F, F* € F and
SNF¢e Fs. Furthermore, (SNF)U(SNF) =5 or AU(SNF®) =S. But by
definition, AU A =95, so A= SNF°e Fg.

3. If A; € Fg fori e N, U = 'LeJNAiE}—S' Aie Fs =— dF, e F3 A =SNE,.
U= UieN(Sﬂ E) =5N UiENE7 but UiENE € F, soU € .Fs.

4. Let f : X — Y and Y be a o-algebra associated with Y. Then F := f~1(Y) = {f~1(S) :
S € Y} is a o-algebra associated with X. We need to verify that:

1. X e F. Since Y is a o-algebra associated with Y, Y € Y. fYY) ={z:2 € X and
flx) e Y} =X. Thus, X € F.



2. IfA€ Fthen A€ F. Ae F = 35, €Y > A= f1YS4). Now, Sy €Y =
Y—-Ss€Yand f7HY —S4) =X~ f71(S4). Thus, [FH{Y—-S,)=X—-A= A€ F.
3. If A, € F fori e N, UjenA; € F. A€ F = 354, €Y 3 A, = f1(S4,). Nouw,
Sp, €YV, Vi €EN = UienSa, €Y and f1(UienSa,) = Uienf 1(Sa,) = Uien4; € F.

F is called the inverse image o-algebra.

These examples demonstrate that multiple o-algebras can be associated with a set. The
following theorem shows that the intersection of an arbitrary collection of o-algebras is itself

a o-algebra.

Theorem 1.1. Let F' = {F : F is a o-algebra associated with the set X}. Then T := FﬂF}"
S

1S a o-algebra.

Proof. 1. SinceXE}"forall}'EFthenXEfﬂF}". 2. Ael — Aec Fforall FeF.
S
Then, A¢ € F for all F € F. Consequently, A°€ Z. 3. Let A; € Z for i € N. Then, A; € F
for all 7 € F'. Hence, 'U]NAi € F for all F € F, which implies ‘U]NAi ceZ.
1€ 1€

Definition 1.2. Let B be a collection of subsets of X. The o-algebra generated by B, denoted

by o(B), is a o-algebra satisfying:
1. BCo(B)
2. If F is a o-algebra such that B C F, then o(B) C F.

The defining properties of o(B) allow us to view it as the smallest o-algebra containing B as

is made explicit in the next theorem.

Theorem 1.2. For an arbitrary collection of subsets B of X, there exists a unique smallest

o-algebra containing B.

Proof. Let F' = {F : F is a o-algebra associated with X and B C F} be the set of all o-
. . . X . - . .
algebras containing B. F # () since 2* is a o-algebra. By Theorem , IQF]-" is a o-algebra.
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Since B is in all F, B € fﬂF}_ . Thus, fﬂF}_ € F, but by construction it is the smallest
€ €

o-algebra in F', since all others contain or are equal to fﬂF}" .l
S

The generation of the smallest o-algebra associated with a collection of subsets B of X

is monotonic as demonstrated in the following theorem.

Theorem 1.3. Let C and D be two nonempty collections of subsets of X. If C C D then

o(C) Co(D).

Proof. Let Feo = {H : H is a o-algebra associated with X and C C H} be the collection of
all o-algebras that contain C, and similarly Fp = {G : G is a o-algebra associated with X and
D C G}. Since, C C D C G, G is a o-algebra that contains C, therefore G € F¢. Hence,

.FD Q JT"C and ﬂ;-[e]:cH Q ﬂgefvg. By deﬁnition, O'(C) = mHe]:cH g ﬁge]:Dg = U(D) [ |

Remark 1.2. 1. A topology of X, denoted by Ox, is a collection of subsets of X that

satisfies the following properties:

(0,) X,@EOX
(b) O; € Ox fori=1,--- mandnelN = N,0; € Ox

(c) O; € Ox fori € I (an arbitrary index set) — AUIOi € Ox.
1€

The elements of Ox are called the open sets of X and the pair (X, Ox) is called a
topological space. The o-algebra generated by the open sets o(Ox) is called the Borel

o-algebra associated with X. The elements of o(Ox) are called the Borel sets of X.
2. If we define a metm' dx on X we say that

OCXisopen < VreOde>0 3> B(x,e) CO

LA metric on X is a function dx : X x X — R such that for all x,y, 2z € X it satisfies a) dx(z,y) > 0,
dx(z,y) = 0if, and only if, z = y; b) dx(z,y) = dx(y,v); ¢) dx(z,2) < dx(z,y) + dx(y, 2).
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where B(x,€) = {y € X :dx(z,y) < €}. Ox is the collection of open sets of X. When

n

X =R" an usual choice of metric is dgn(x,y) = (D1 (z; — yi)2)1/2.

Theorem 1.4. Let S C X, F = o(C) where C is a collection of subsets of X. Define
CNS={ANS:AecC}. Then,

a(CNS)=0c(C)NS is a o-algebra associated with S.

Proof. First, note that since C C o(C) we have CNS C o(C)NS. From Example[L.1]3, o(C)NS
is a o-algebra associated with S. Then, it follows from Theorem[L.3|that o(CNS) C o(C)NS.
Now, we need only show that ¢(CNS) D o(C)N S to conclude that o(CNS) =o(C)NS.
To this end, consider the collection of subsets of X (not necessarily in C) such that their
intersection with S'isin o(CNYS),ie. G={ACX:ANSe€a(CNS)}.
By construction, C C Gsince AecC —= ANSelCnNSCo(lCnNS). Thus, A€ G. We
will show that G is a o-algebra. If this is the case, o(C) C G. But from the definition of G,

if A€ o(C)then ANS € o(CNS). This means that o(C) NS C a(CNS).
1. XeGsince XNS=S5eaq(CnSI).

2. Aeg, A=X—-Aand A°NS=X-A4)NS=85-(ANS). But since A € G,
ANS € o(CNS) which implies that S — (ANS) € o(CNS), so A° € G.

3. Let A, € G,n € N and note that
(uAn) NS= U (A4,Nn59).
neN neN
Since, A, NS € a(CNY), LGJN(An NS)ea(CnS) and LGJNAn €q.

Thus, G is a o-algebra.



1.2 Measure spaces

We start by defining a measure on a measurable space.

Definition 1.3. Given a measurable space (X, F) a (positive) measure p : F — [0,00] is a

function having the following properties:
1. pw(0)=0

2. Forall A; € F,j=1,2,... with A;NA; =0 ifi# 7,

[e.e]

p (U4 = Y4,

The triple (X, F,u) is called a measure space.

Remark 1.3. 1. Property 2 in Definition[1.3 is called o-additivity or countable additivity
of .

2. If uw(X) < oo, the measure p is called a finite measure. In this case, (X, F, ) is called

a finite measure space.

3. A sequence {Ay,Ay,---} € F such that Ay C Ay C --- is said to be erhausting

if im A; = U2 Ay = X. A measure p s called o-finite if there is an exhausting
j—o00

sequence {Ay, Ag,--- } € F such that j1(A;) < oo for all j.

4. If 1 satisfies properties 1 and 2 but F is not a o-algebra, p is called a pre-measure.

But in this case, property 2 requires that U2, A; € F.

5. If we assume that for at least one set A € F we have u(A) < oo, then condition 1

follows from condition 2 by letting Ay = A and Ay = A3 = --- = ().

Definition 1.4. Let (2, F, P) be a measure space such that P(Q) = 1. We call (2, F,P) a

probability space and P is called a probability measure.
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In the context of probability spaces, €2 is called the outcome space and the elements of
F are called events. The construction of useful measure (probability) spaces can be difficult
as we will soon discover. What follows are very simple examples of measure and probability

spaces.

Example 1.2. 1. Let (X,F) be a measurable space and F' € F. Define u(F) = oo if F
has infinitely many elements and u(F) = number of elements (cardinality) of F if F

has finitely many elements. p is called the counting measure.

2. Let (X, F) be a measurable space and for x € X and F € F let p,(F) =1 ifx € F

and p,(F) =0 if x ¢ F. This is called the unit mass at x or Dirac’s delta measure.

3. Let Q2 = {wy,wq, -} and p; € [0,1] fori=1,2,--- such thaty ;- p; = 1. Let (©2,29)

be a measurable space, then the set function

P(A) = Z i = Zpiﬂwi(A)> ACQ

Lw;EA

15 a probability measure.
1.2.1 Some properties of measures
Theorem 1.5. For A, Ay, Ay, -+ € F we have for any measure [,
1. AC A = u(A) < u(Ay) (monotonicity)
2. p(AU Ar) = p(A) + p(Ar) — p(AN Ay)
3o (U2 Ay < S (Ay) (subadditivity)

Proof. 1. A and A;— A are disjoint sets. Hence, u(AU(A;—A)) = u(A)+pu(A1—A) = p(Ay),
which implies u(A) < p(A;).
2. AUA  =AU(A; — A) and A = (AN A;) U (A; — A). So, by the second equality, given

7



that (AN A;) and (A; — A) are disjoint, pu(A;) = u(AN Ay) + p(A; — A). By the first,
u(AUA;) = pu(A) + pu(Ay — A). Hence, pu(Ay) = p(ANAy) + u(AU Ay) — u(A), which gives
2.

3. Let By = Ay, By =Ay — Ay, By = A3z — U?ZIA]-, .... Hence, {B;} is a disjoint collection
and B; C Aj, i (U2 By = U2y A)) = 3572, u(By) < 3072, p(4;). @

An important property of any probability measure is continuity. But since probabilities

are set functions, it is useful to define what we mean by limits of sets.
Definition 1.5. Let {A;}iew be a collection of sets. We have,

1. If Ay C Ay C As..., nlgroloA” = UP,A,;

2. If Ay D Ay D Asz.. ., nll_)IIQloAn =NX,A;

3. If Ay, As,... is an arbitrary sequence of sets, let B, = N%°_ A, (B1 € By C ...)
and C, = UX_ A, (C, 2Cy D ...). Then, put B = lim B, = U2, N>°_ A, and
n—oo

C=1lmC,=n2,Ur_ A,. Wesaythat A= lim A, exists if B =C, and we write
n—oo n—oo

A= B =C. B is called the limit inferior of { Ay, Aa, ...} orliminf A, and C is called
n—o0

the limit superior of {Ay, As,...} orlimsup A,.

n—oo

Theorem 1.6. Let (X, F) be a measurable space. A function p: F — [0,00] is a measure

if, and only if,
a) p(P) =0
b) If Ay, Ay € F are disjoint u(Ay U Ag) = p(Aq) + pu(Az)
c) If Ay, Ay, -+ € F and Ay C Ay C -+ with lim, ., A, = A € F we have

n(A) = lim pu(Ay).

n—oo



Proof. ( = ) If p is a measure then properties a) and b) follow directly from properties
1) and 2) from the definition of measure. Now, for property c) define B; := A, By =
Ay — Ay, ---. From Remark 5 we have that B; € F and the collection { B;}32, is pairwise
disjoint. Put A, = U7_;B; and U2, A, = U2, B = A. The last equality results from the

definition of the limit of a sequence of non-decreasing sets. Then, by o-additivity of u

u(A) = p (U;ilBj) = ZM(BJ‘) = T}LHQOZM(BJ') = nlggo u(BiUByU---UBy,)
Jj=1 j=1

= lim u(A,).

n—o0
(«<=) Now, assume that u : F — [0, o0] satisfies a)-c). We will show that in this case p will
satisfy properties 1) and 2) from the definition of measure. Let {B;}32, be a pairwise disjoint
sequence in F and define A, := U}_; Bj and A := U2, A, = U2, B;. Clearly, A} C Ay C -

and lim,, ., A, = A. Using b), we have
(A1) = p(By), p(A) = p(B1) + p(Ba), -+, (An) =Y u(B;).

From ¢) we conclude (second equality) that

n—o0 n—o0

Jj=1

p (U321 B)) = p(A) = lim pu(A,) = lim <Z u(Bj)) = Zu(Bj)-

7=1

|

Remark 1.4. If i is a finite measure, c¢) in Theorem can be replaced by either of these
two equivalent conditions

) If Ay, Ao, -~ € F and Ay 2O Ay O -+ with lim, o A, = A € F we have

p(A) = Tim pu(Ay)

n—00
or

c”) If Ay, As,--- € F and Ay D Ay D -+ with lim,_,o A, = 0 € F we have

lim u(A,) =0.

n—oo



Theorem 1.7. Let (2, F, P) be a probability space. Then,
1. P(A°)=1—P(A) forall Ae F
2. ABeF, ACB — P(A) < P(B) forall A,B € F
3. IfA, e F,i=1,2,..., then

PULA) =) P(A)— Y P(ANAL)+ Y P4, NA,NA)
=1

1<i;<ia<n 1<iy<ig<iz<n

o () PN A)

Proof. 1. Q = AU A°. Hence, 1 = P(Q) = P(A) + P(A°) = P(A°) =1—- P(A4). 2.
follows from Theorem [1.5]1. 3. Let n = 2. Then, from Theorem [1.5]2 we have

P(A UAy) = P(A) + P(Ay) — P(A; N Ay).

NOW, let Blel, BQZBlLJAQIAlLJAQ, BgIBQUA3:A1UA2UA37 "',Bn_lz

B, ,UA, 1=AU---UA,_1. Now, suppose

n—1
P(B,1)=P(UZ!A) =Y P(A)— > PANA)+ Y PANANA)+
i=1 1<i<j<n—1 1<i<j<k<n—1

o (—1)"P(A N Ay N0 An).

We will show that this representation holds for n. From the case where there are only two

sets

P(B,) = P(U_A;) = P(Bu1UA,) =P(B, )+ P(A,) — P(B,_1 N 4,)
= P(B,.1)+ P(A,) — P((U'Z[A) N A,)
= P(B,_1) + P(A,) — P(UIZH (A N Ay))
= P(B,_1) + P(A,) — P(U'SC;), where C; = (A; N A,).
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n—1
P(UZC) =D P(Ci)— > P(C,NCy)+ > P(C;, N Cy, N CyL )+
i=1 1<iy<ig<n—1 1<y <ig<ig<n—1

A (~D)"P(CyNCyN N Cy),

with
n—1 n—1
P(C P(A;NA,)
n=1 i=1
> P(CNGy) = P(A;, NA,NA,NA,)
1<i1<i2<n—1 1<i1<i2<n—1

= Z_ P(A; NA;,NA,)
<

1<i1<iz<n—1

> P(C;, NCy,NCL,) = > P(A;, N A, NA;, NA,)

1< <12<13<n—1 1<i1<i3<i3<n—1

Then, we have

n—1

P(A)— ) PA,NA,)+ ) PANANA)+

=1 1<i1<i2<n—1 1<i1<i2<i3<n—1
o (=1)"P(A N Ay NN Ayy) + P(AY)

n—1

“DPANA)+ DT P(ALNA,NA)

i=1 1<41 <ig<n—1

- > PANAL NALNA) + -+ (1) P(A;, NN Ay)

1<i1<i9<iz<n—1

:Zn:p( =Y P(A,NAL)+ Y P(Ay, NA, NA) +
1=1

11 <t2 11<12<13

+ (=)™ PN, A).

The next theorem shows that probability measures are continuous set functions.
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Theorem 1.8. Suppose {A,}>2, € F, where (Q,F,P) is a probability space. Let A =
lim, oo An. Then, A € F and P(A,) — P(A) as n — .

Proof. Since {A,,}n=12.. has a limit, there exist C; O Cy 2 C3 2O ... and B; C By C

Bs C ... as in Definition [1.5] such that B = U®, B; = N2, C; = C' = A. By construction,
B=ByU(By—B;)U(B3— By)U---=x3Ux2U.... The collection {x1, x2, ... } is pairwise
disjoint. By c-additivity of measures we have P(B) = Y 2 P(x;) = lim, 00 Yoy P(Xi)-
But, >, P(x;) = P(B,), where B, = B, U (By — By) U---U (B, — B,_1). Hence,
P(B) = lim,,_, P(B,).

By De Morgan’s Laws C' = N2, C; = (U2, Cf)°. Therefore, P(C) = 1 — P(U2,C¥).
Now, U¥,Cf = CSU (C5 — CY) U (C§ — CS)-+- = 6 Uby Ubs..., where the collection
{601,605, ...} is pairwise disjoint. Hence, P(U2,C¢) = >, P(6;) = lim,, oo Y., P(6;). But
Yo P(0;) = P(C:) and P(CS) =1 — P(C,). Hence, P(U2,Cf) = lim, (1 — P(Cy,)) =
1 —lim, o P(C,). Consequently, P(C) =1 — (1 — lim, o P(C},)) = lim, o, P(Cy,).

Finally, by construction, B,, C A, C C,, for all n. Therefore, P(B,) < P(A4,) < P(C,)
and lim,, o, P(B,) < lim, o, P(A,) < lim, . P(C,) or P(B) < lim,_ .. P(4,) < P(C)
and consequently since A = B = C, lim,,_,, P(A,,) = P(A).

To see that A € F, just note that A = C' = N2, C; where C;’s represent countable unions

of events. Hence, C; are events for all 7 and by De Morgan’s Laws M52, C; are events. l

1.3 Independence of events

Definition 1.6. 1. Let (2, F,P) be a probability space. Given any B € F such that
P(B) # 0, we define Pg : F — [0, 1] where

P(ANB)

Po(4) = =55

Pp(A) is called the conditional probability of A given B}

2We show below that this is indeed a probability measure.
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2. Any A, B € F are said to be independent if P(AN B) = P(A)P(B);

3. If2<n €N then Fy,--- ,E, € F are independent if

P <m21Em) = H P(E,,) forall I C{1,--- ,n}. (1.1)

mel

Remark 1.5. Note that represents y ., < 7; ) = 2" —n — 1 equations.
Theorem 1.9. Let (2, F, P) and A, B € F such that P(B) # 0.

1. A and B independent <= Pg(A) = P(A)

2. Pg: F —|[0,1] defines a new probability measure on F.

Proof. 1. Since A and B are independent P(ANB) = P(A)P(B) and since Pg(A) = %

we have Pp(A) = 2572 — P(A). Now, Py(A) = P(A) = P(AnB)/P(B) = P(A)
which implies P(AN B) = P(A)P(B) = A and B are independent.

2. We must show that Pp is a probability measure on F for any B such that P(B) # 0.
First, note that Pg(0)) = P(0NB)/P(B) = P(0)/P(B) = 0 and P(Q?) = P(QNB)/P(B) =
P(B)/P(B) = 1. Second, Py (U2, A;) = P ((U2,A;) N B) /P(B) = P((U2,A;NB))/P(B) =

Z;il PB(AJ)‘ u
Theorem 1.10. Let (2, F, P) be a probability space. If A, B € F are independent, then:

1. A and B¢ are independent (or A and B are independent).

2. A° and B¢ are independent.

Proof. 1. Recall that AUB = BU (AN B°) and P(AU B) = P(B) + P(An B°). The
last equality together with Theorem [1.5]2 gives P(A) — P(AN B) = P(AN B°). Now, by
independence of A and B we have P(AN B¢) = P(A) — P(AN B) = P(A) — P(A)P(B).
Hence, P(AN B¢) = P(A)(1 — P(B)) = P(A)P(B°).
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2. Note that
A°N B° = (AU B)° by DeMorgan’s Laws
=Q—-(AUB)
P(A°NB°)=1- P(AUB)
=1—(P(A)+ P(B) — P(A)P(B)) by independence of A and B
= (1= P(A))(1 = P(B)) = P(A°)P(B").
]

Theorem 1.11. Let (2, F, P) be a probability space and Ay, As,--- A, € F. If P(A1 N
Ay N A,q).

Proof. We will use induction. For n = 2, we have that if P(A;) > 0, P(As|A4;) = P(A1 N
Ay)/P(A;) which implies P(A; N As) = P(A;)P(A3|A;). Now, assume that

PATN---NA,_1)=P(A)P(A3]A))P(A3|A1 N Ag) ... P(Ap1]A1 N AN - N A, o)
and define B, = (A1 NAy... A, 1) N A, with P(A;N---NA,_1)>0. Then,
P(B,)=PA N---NA,_1)P(A, A N---NA, 1)
= P(A))P(A3|Ay) ... P(A,1]Ai N AN NA, 9)P(A AN N Aq)
by the assumption in the induction argument. W
Recall the definition of a partition for a set.
Definition 1.7. {E, E5 ...} is a partition of Q) ifiéJINEi =Qand E;NE; =0, for alli # j.

Theorem 1.12. Let (2, F, P) be a probability space and {Ey, Es, ...} be a partition of Q.
If Ae F,
P(A) =) P(A|E)P(E).
i=1
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