Chapter 2

Construction of probability measures

We have revealed a number of properties of measures, but we have not discussed their

existence (in general) or how to construct them.

Definition 2.1. 1. A class of subsets P of X is called a mw-system if A, B € P —

ANBeP.
2. A class of subsets D of X is called a Dynkirﬂ system if:

(a) XD
(b)) Ace D = A°€D

(c) If Ay, Ag,--- € D and are pairwise disjoint, then U2, A; € D.
It is clear from the definition that a o-algebra associated with X is also a Dynkin system.

Theorem 2.1. Let C C 2%. There exist a smallest Dynkin system 6(C) such that C C §(C).

It is called the Dynkin system generated by C. In addition, 6(C) C o(C).

Proof. Existence and characterization of §(C) is proved as in Theorem [1.2] Since o(C) is a
Dynkin system (c(C)) = o(C). Since C C o(C), 6(C) C §(c(C)) = o(C) as in Theorem [1.3]
|

!'Eugene Borisovich Dynkin was a Russian mathematician that made important contributions to algebra
and probability. He was a student of Andrei Kolmogorov.
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Theorem 2.2. A Dynkin system D is a o-algebra <— A, B€D — ANB e D.

Proof. If D is a o-algebra, A, B€D — AN B = (A°UB°)°eD.

If D is a Dynkin system it satisfies requirements 1 and 2 for o-algebras in Definition [1.1}
Now let A;, i € N be such that A; € D. We must show that U;enA; € D. Define By := Ay,
By = Ay— By = AyNBS, By i= As— U2 By = AsN(UL By)¢ -+ B, == A, —U'"'B; = A,N
(U?z_llBi)C. The collection {B;}iey is pairwise disjoint, and since each B; is the intersection

of two sets in D, using closeness under finite intersections, U;enB; = U;enA; € D. B

Another may to state the previous theorem is to say that a Dynkin system is a o-algebra

if, and only if, it is a m-system.
Theorem 2.3. If G C 2% is a w-system, then §(G) = o(G).

Proof. From Theorem [2.1} §(G) C o(G) and from Theorem [2.2]if 6(G) is a 7-system it is a
o-algebra. Since o(G) is the smallest g-algebra it must be that 6(G) = 0(G), so it suffices to
show that §(G) is a m-system.

For any D € 0(G), let Dp = {A C X : AN D € §(G)}. First, we show that Dp is
a Dynkin system. Note that XN D = D, so X € Dp. If A € Dp, then AN D € §(G).
A°ND = (A°UD)ND = (AND)*ND = ((AND)UD)® where AN D and D¢ are disjoint.
Also, since D € §(G) so is D¢ and AN D € §(G) by assumption, so ((AN D) U D) € 6(G).
Thus A° € Dp. Now, let A; for i € N be pairwise disjoint with A; N D € 6(G) and note
that {(A; N D)}ien forms a disjoint collection. Thus U = U;en(A; N D) = D N U;enA; and
UsenA; € Dp. Thus, Dp is a Dynkin system.

Now, since G C §(G) and since G is a m-system, G C Dy, for all G € G. To see this, note
that for G € G and Dg is as defined above, for any G’ € G, we have G' NG € G, since G is a
m-system. But since G C §(G), G' € Dg. But Dy is a Dynkin system and consequently, by
definition §(G) C D¢, VG € G.
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Thus, we have that if D € 6(G) and G € G, GND € 6(G) and G C Dp (by definition of

Dp). Then, 6(G) C Dp implying that §(G) is a m-system. H

The following theorem shows that under some conditions, measures that coincide on some

generating class G coincide on o(G).

Theorem 2.4. Let (X,0(G)) be a measurable space and G a collection of subsets of X, such

that:
1. G is a w-system,

2. there exists {G;}jen C G with Gy C Gy C ... such that U?’;IGJ» = limj L, G; =X

(the sequence {G,}en is exhausting).

Then, if p and v are measures that coincide on G and are finite for all G;, u(A) = v(A), for
all A€ o(G).

Proof. For j € Nlet D; = {A € o(9) : pf(ANG;) =v(ANG;)}. First, we show that D; is a

Dynkin system.
1. X e Dj since u(XNGj) = pu(G)) =v(G,;) =v(XNG)) .

2. Let A € D,;. Note that G; = (AN G;) U (A°N G,) and note that the two sets in
the union are disjoint. Since p is a measure u(G;) = p(ANG;) + p(A°N G;). But
n(A°NG;) = u(G; —A), hence p(G; — A) = u(G;) — n(ANG;). Since p and v coincide
in G we have that v(G,) = 1(G;) and since A € D; we have that u(ANG;) = v(ANG,).

Hence,
u(A“NGy) = w(G;) — (G N A) =v(G;) —v(ANG;) =v(G; — A) = v(G; N AY).

Thus, A° € D;.
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3. Let Ay, Ay, ... be a disjoint collection in D;.
((ViewAi) 01 Gj) = p(Uen(4; N Gy) Zu AiNG))

= Zv(Gj N A;) since A; € D,

= v(Uien (G N A4;)) = v(G; N (UienA4i))
and consequently, U;ewA4; € D;.

Since G is a m-system, by Theorem [2.3|§(G) = o(G) and G C D; by definition of §(G), hence
o(G) € D,. But by construction D; C ¢(G) and we conclude that D; = o(G). So, for all
Aeo(G)and j=1,2,,...,

w(ANG;) =v(ANGj). (2.1)

By continuity of measures from below and noting that (4, NGy) C (ANGs) C -- -, letting
Jj — oo in (2.1)) we have for all A € 0(G),

u(A) = lim p(ANG;) = lim v(ANG;) =v(A).

j—o0 Jj—o0

We take the following proven path to construct a measure on F. We start with a class
of subsets S of X such that 7 = o(S) and define a pre-measure g on S. If S and p satisfy
the requirements of Theorem then p will extend uniquely to F, provided we are able
to extend it from S to F. The result that provides the conditions and possibility for such
extension is known as Carathéodory’s Extension Theorem. Before stating this theorem we

need the following definition.
Definition 2.2. A nonempty collection S C 2% of subsets of X is called a semi-ring if:

1.0esS
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2. AABeS = ANBeS

3. For all A,B € S there exists m € N and {S;}L, € S that is pairwise disjoint such

Remark 2.1. 1. § is a w-system in view of condition 2.

2. Condition 3 says that the difference between two sets in a semi-ring can be expressed

as a finite partition of sets in the semi-ring.

3. A ring is a nonempty collection R C 2% such that A, B € R = AUB € R and

A-BeR.

4. If A is an algebra, then for A, B € A we have that ANBe A, A— B=ANB e A.

Thus, an algebra is a ring.

5. fA€e R then A—A=0€R. Also, if A, B € R and noting that ANB = A—(A—B)
we have that ANB € R. Nowlet Ay C A, A, Ae R. A=A U(A—A) € R, so

every Ting 1S a Semi-ring.

It follows from these remarks that we have the following hierarchy of collections of algebras

A, rings R and semi-rings S, viz., A C R C S.

Definition 2.3. (Alternative) A semi-ring S C 2% is a collection of subsets of X such that

1. 0eS8
2. ABeS = ANnBeS

3.7 For all A,Ay € S = Ay, C A then A has the representation A = UJL | A; for {A;}

pairwise disjoint.
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Theorem 2.5. (Carathéodory) Let S be a semi-ring of subsets of X and u: S — [0, 00] be a
pre-measure. Then, {1 has an extension to a measure p on o(S). If there exists {S;}jen € S
with S1 C Sy ... such that S; — X as j — oo with u(S;) < oo, for all j, then the extension

1S UNLque.

Proof. Step 1. We start by defining the set function p* : 2% — [0,00]. For any 4 C X

define the collection of countable covers for A that are composed of sets in S by
ClA) = {Siljen €S- AC U S}
Since a semi-ring S does not necessarily contain X, it is possible that C(A) = (). Now, define

p(A) = inf {Z p(S;) : {Sj}ien € C(A)} :

jEN
where inf () := co. Note that,

a) u*(0) =0, by taking S; = Sy =--- =10

b) A C B implies that every cover for B is also covers A, i.e., C(B) C C(A). Therefore,

p*(A) = inf {Z 1(Sy) : {Sj}jen € C(A)} < inf {Z u(Ty) < {Tj}jen € C(B)} = ' (B).
jEN jEN
c) Let A, C X for n € IN and, without loss of generality, assume that u(A,) < oo (that
is C(A,,) # (). Choose € > 0 and let {S,x}ren € C(A,) be such that

Z p(Snk) < (An) + /2"

Now, U A, C U U S, and by the definition of infimum

neN neN keN
neN keN
< Z (1" (An) +€/2") = Z 1(An) +e.
n=1 n=1

Hence, (U Ay) < 30 u*(An).
ne

neN
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Since p* satisfies properties a)-c) it is called an outer-measure.
Step 2. We now show that u* extends p (defined on S) to 2X. By this we mean that
w(S) = pu(S) for S € S.

First, let Sy = {S: § = UL, 5;,5; € S and m € IN} be the collection of sets that can be
written as disjoint finite unions of elements of S and let fi(S) = >_7", u(S;) for S € Sy Note
that the image of ji(S) is independent of the disjoint finite union used in its representation.
To see this, suppose S = U, S; and S = Up_ T} for m,n € N. Then, UL, S; = U T
and S; = S; N (Up_,Ty) = Up_1 (T N S;) and S; NIy, € S, since a semi-ring is a m-system
and since £ is a pre-measure (additive) on S. p(S;) = > ;_, (T NS;). Given that Tj are

disjoint, then

m n m

D ouS) =Y TN S;) =Y u(T).

j=1 k=1 j=1

This shows that the set function g can be unambiguously defined on Sy. We now show
that Sy is closed under (arbitrary) finite intersections and unions. If A, B € Sy then
AN B = (UL,S;) N (Up_,Ti) where the two unions are over disjoint sets. Then, AN B =

UL, Upy (S5 N T) € Sy, since S;NT), € S, for all j, k. Also, since, S; — T € S
A-B= U;nzlsj — Upni Th = U?il Miz1 (S5 NTE) = U;n:1 Miz1 (55— Tk) € Su
where the unions are over disjoint sets. Lastly, we conclude that
AUB=(A-B)U(ANB)U(B—-A) e Sy

where all sets in the union are disjoint.
We now show that g is o-additive on Sy, i.e., a pre-measure. Let {Tj}reny € Sy such
that {7} }ren is pairwise disjoint and 7" := kUNTk € Sy. Since T}, € Sy, by definition there
€

exists {S;}jen € S and a sequence of 0 =ng < ny < ... of integers such that

T, = Sn(k71)+1 U---u Snk for k € N,
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where the collection {Sn(k71)+17...75nk} is disjoint. Let U; = 'UJ S; for disjoint index sets
JESD

Ji,...,Jx such that UY, J; = N, and note that U, € S. Now, T = kUNTk = UM, U, and
€

[
Mz

w(T) w(U;) by definition of f

T
I

I
T Mz

Z ;) by i being a pre-measure
eJ;

Nk

Z Sl =S (1),

eEN j=n_1)+1 keN

Now, observe that for all S € S and all {S;};en € C(5)

us) = n(s) =i (Y 505)

< Z A(S; N.S) since [i is a pre-measure and sub-additive

jEN
= u(S;NS8) <y (S
JEN jeN

Taking the infimum over C(S), we have u(S) < p*(S). Now, taking (S,0,...) € C(S) gives

p*(S) < p(S). Combining the two inequalities, we have
p(S) = p(S) for all S € S.
Step 3. We will show that S C A* where

A = {ACX: 1"(Q) = 1 (QNA) + 1" (QN A%, ¥ Q C X} (2.2)

Let S,T € S. Since S is a semi-ring and T'= (TN S)U(T'NS°) = (T'NS)U(T - 95) =

(TN S)u{ujL,S;} with {S;}72, disjoint. Since u is a pre-measure on S we have

plT) = (T 0 S)+ > ().

j=1

Since p* and p coincide on § and T'NS € S, and since p* is sub-additive we have p*(7T'—S) =
P, S5) < S (S5) = S (S5). Consequently,

w(T) = (TﬂSJrZu ) > (T NS)+ (T —S). (2.3)

7=1
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Take @) C X and {Tj},en € C(Q). Using p*(7;) = p(7;) and summing (2.3) over j taking
T=T,

S ST+ Y (1 - 8) < 34 ().

jEN jeN jeN
Sub-additivity and monotonicity of ;1* together with @ C U;enT; give
p(QNS) +p7(Q = 5) < p(Ujen(T; N 5)) + 1" (Ujen(T; - 5))

<D W(T) = wI).

jEN jEN
Taking the infimum over C(Q), p*(Q NS) + p*(Q — S) < p*(Q). The reverse inequality
follows easily from sub-additivity of p*. Consequently, if S € S we have that S € A*.
Step 4. We show that A* is a o-algebra and p* is a measure on (X, .A*).
I.Forall Q C X, QNX =Q and Q N X = (). Since p*() = 0 we have that X € A*.

2. For all Q C X suppose A € A*, i.e.

pH(Q) = p(QNA) + " (Q N AY).

But by symmetry of the right hand side of the equality due to (A°)¢ = A, we have A° € A*.
3. If A, A’ € A*, for all Q C X

p(QN(AUA)) + 17 (Q — (AU A))
=1 (Q@N (AU (A = A))) + 1 (Q - (AU A))
= (@NA) VRN A = A)) +p"(Q— (AUA))
< p(QNA) +p QN (A = A) +p'(Q - (AU A))
using subadditivity of zi*.
= (QNA) +p (@ —-A)NA) +p ((Q—-A) - A
= (RQNA)+p (@ —A)=p(Q)
using the defining expression for A* twice, once for Q — A and once for Q.
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Thus,
QN (AUA)) + 14 (Q — (AU A)) < ' (Q). (2.4)

Now, Q ={QN(AUA)}u{Q@nN (AU A")}. By sub-additivity of u*
11(Q) < (@O (AUAY) + (@ — (AU A)). 2.5)

Combining inequalities and we conclude that p*(Q) = p*(QN(AUA")) + p*(Q —
(AU A’)) and consequently A* is closed under finite unions.

If AN A" = (), then the equality [u*(Q N A) + p*(Q — A) = p*(Q)], becomes for Q =
(AUA)N P, P C X and

p((AUAYNP) = (PNA)+u (PNA)VPCX.

By induction for a disjoint collection A; € A*,

m

p (U A) N P) =) p'(PNA;).

j=1
In particular, if A = U,enA;, where {A;} is a disjoint collection,

WH(PAA) 2 i (PA(ULA)) = S wt (P Ay).

i=1

Since UL, A; € A" we have that

pH(P) = pt (P 0 (UL 4y)) + p*(P = UL, A))

> (PO (U Ay)) + 4 (P = A)

NE

W (P OVA) 4 2t (P - A).

1

<.
Il

Let m — oo, to conclude

p(P) > u (POA)) + (P —A) = (PN A) + p* (P — A)

=1
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The reverse inequality follows directly from sub-additivity of p*. Thus,
p(P)=p (PNA)+p(P—A),VPCX

Consequently, A = U;enA; where the collection {A;};en is pairwise disjoint is in A*. Con-
sequently, A* is a Dynkin system that is closed under finite unions. By DeMorgan Laws, A*
is closed under finite intersections, so by Theorem A* is a o-algebra.

Now, we show that p* is a measure on o(S). From above, S C A*, so ¢(S) C A*. From
above, u* is a measure on A* and on o(S), which extends p on §. By Theorem any two

extensions p* and v* of u coincide on ¢(S). A

Remark 2.2. If £ € A* and p*(E) = 0 then, if B C E, we have B € A* and p*(B) = 0. To
see this, we first show that p*(B) = 0, assuming that B is pu* measurable. For all B, E C X,
such that B C E, p*(B) < u*(E). Since, u*(E) =0, it must be that p*(B) = 0. Let Q C X
(Q arbitrary), we want to show that 1*(Q) = p*(QNB)+p*(QNB°). Now@QNBC B =
WH(QNB) < 1 (B) = 0, thus j(QNB) = 0. QB C Q —> j(QNB") < (). Hence,
p(Q) = p(Q N BY) + p*(Q N B). By sub-additivity p*(Q) < p*(Q N B) + pu(Q N B) and
thus p*(Q) = p*(Q N B®) + p*(Q N B) and B € A*. Every subset of a p* measurable set of

measure zero is p*-measurable, and has measure zero.

In what follows we let R, = (ay,b1] X (ag,bs] X - -+ X (an, b,] be a half-open rectangle in
R™ with (a;, b;] = 0 if b; < a; and a;,b; € R. Let Z™ be the collection of all such rectangles

R".
Theorem 2.6. Z" for n € N is a semi-ring.
Proof. Let ' = {(a;, b;] : a; < b; where a;, b; € R} and consider the following cases:

1. If bl = a;, (ai,bi] = @
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0 et

(a~,bi] S Il
2 (aiabi] N (a.77b] - ( ’ b :Z"l

ag, j] <

(ai,bi] c Il

3. If (a1, b1] C (ag, bo] then (ag, bs] = (az,ai] U (ay, b1] U (by, bs], where the members in the

union are all disjoint.

Hence, Z" is a semi-ring.
Finally, suppose Z" is a semi-ring, we will verify that Z"™! is a semi-ring. First, note
that Z™1 = I" x I! and since () € 7" we immediately conclude that () € Z""1. Now, the

intersection of two rectangles in Z"*! is given by
(R, x Ry)N (I, x 1) =(R,N1,) x (R NI)

where the righthand side of the equality is an element of Z""!.

Now,

(R, x Ry) — (I, x I) = (R, x Ry) N (I, x I)".
Note that,
(Inx L)' ={(z,y):xglp,yg L, orzecl,andygly, orx¢l,andye€l}
= (I x I7)U (L, x I7)U (I x I)
where the components of the union are disjoint. Thus,
(R X Ry) — Iy x 1) = [(Ry x Ry) N (15 x ID)|U[(R, x Ry) N (1, x I7)]

U[(Rn x Ry) N (I x I)]
= [(Bn — In) x (R = L) U [(Rn NV 1) X (Ry = 1))
U[(R, — I,,) X (R N 1)].

By the induction assumption, R,, —I,, and R — I; can be expressed as finite unions of disjoint

rectangles, which completes the proof. B
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Definition 2.4. Let \" : " — [0, 00) be defined as \"(R,,) =[], (b; —a;) wheneverb; > a;

j=1
forj=1,--- nand \"(R,) =0 if b; < a; for some j.

Theorem 2.7. \" is a pre-measure on ™.

Proof. We need only verify conditions a), b) and ¢”) from Theorem and Remark [1.4]
First, let’s consider n = 1. a) If b < a then A'() = 0. b) Let I = (a,b] and choose a < ¢ < b.

Then, I = (a,c] U (c,b.
M((a,c]) + M ((e,b]) = (c—a)+ (b—c) =b—a= ().

¢”) Let {I; = (aj, bj]}jew be such that (ai,b1] D (az,bs] D -+ and I; | 0 as j — oo or equiv-
alently, N2, (a;, b;] = 0. Thus, we must have lim; . (b; —a;) = 0, that is lim;_,, A'(I;) = 0.

Now, let’s consider n = 2. a) If b; < a; for i = 1 or i = 2 then M\?())) = 0. b) Let
I = (ay, b1] X (ag, be] and choose ag < cg < by. Then, I = ((ag, c2] X (a1, b1])U((ca, ba] X (a1, b1])

and the component sets of the union are disjoint.
A (a2, 2] % (a1, b1]) + X ((c2,bs] X (a1,b1]) = (c2 — az)(by — a1) + (by — ¢2) (b1 — a1)
= (by — a1)(by — az) = N*(I).
c¢) Let {I; = (a;,b;] X (aj,5;]}jen be such that I; D I, D -+ and I; | 0 as j — oo or
equivalently, N2, I; = (). Thus, we must have either lim; . (bj—a;) = 0 or lim; .o (8;—0a;) =
0. Thus,
N(I;) = (B; — a;)(bj — aj) — 0 as j — oo.
The cases for n = 3,4, --- follow similarly.

Theorem 2.8. There exists a unique extension of A" from I™ to a mesure on the Borel sets
B(R™). This extension is denoted by \" and is called Lebesque measure.

Proof. We know that B(R") = o(Z"). Since, (—k, k] = x"(—k,k] T R™ is an exhaust-
ing sequence of n-cubes (intervals) and since A"((—k, k]|") = (2k)™ < oo, all conditions of

Carathéodory’s Theorem are fulfilled. B
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