Coproducts and colimits of x-quantales

R. N. Ball and A. Pultr

BLAST

6 June 2010

R. N. Ball and A. Pultr (BLAST) Coproducts and colimits of x-quantales 6 June 2010 1/21



Motivation

R. N. Ball and A. Pultr (BLAST) Coproducts and colimits of ne 2010



Motivation

Frame quotients are relatively easy to compute in many cases for two
reasons.

R. N. Ball and A. Pultr (BLAST) Coproducts and colimits of x-quantales 6 June 2010



Motivation

Frame quotients are relatively easy to compute in many cases for two
reasons.

e Each equivalence class (fiber of the quotient map) has a greatest
element.

R. N. Ball and A. Pultr (BLAST) Coproducts and colimits of x-quantales 6 June 2010



Frame quotients are relatively easy to compute in many cases for two
reasons.
e Each equivalence class (fiber of the quotient map) has a greatest
element.
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Frame quotients are relatively easy to compute in many cases for two
reasons.

e Each equivalence class (fiber of the quotient map) has a greatest
element.

@ The frame law asserts that the meet operation preserves all joins, and
therefore has an adjoint map, which is the Heyting arrow. Although
this operation is not part of the formal frame apparatus, it provides a
simple technique for extending a generating relation to a frame
congruence.

We will extend the second point to x-quantales, substituting the monoid
multiplication for the meet operation. And we will use the first point on
suitable extensions to give information about quotients of x-quantales.
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The symbols A and x will represent infinite regular cardinals, or the symbol
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K-sets

The symbols A and x will represent infinite regular cardinals, or the symbol
0, or the symbol co. The order is

0<A<k< @

Definition

A i-set is a set of cardinality strictly less that «.
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The symbols A and x will represent infinite regular cardinals, or the symbol
0, or the symbol co. The order is

0<A<k< @

Definition

A x-set is a set of cardinality strictly less that k. There are no 0-sets, an
w-set is a finite set,
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A x-set is a set of cardinality strictly less that k. There are no 0-sets, an
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Definition

A x-set is a set of cardinality strictly less that k. There are no 0-sets, an
w-set is a finite set, an wj-set is a countable set, and an co-set is just a
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K-sets

The symbols A and x will represent infinite regular cardinals, or the symbol
0, or the symbol co. The order is

0<A<k< @

Definition

A x-set is a set of cardinality strictly less that k. There are no 0-sets, an
w-set is a finite set, an wj-set is a countable set, and an co-set is just a
set. A K-subset is a subset A C B which is a x-set; we write A C, B.
Likewise for x-union, x-join, etc.
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K-quantales

For the purposes of this talk,

Definition

A x-quantale is a commutative monoid and a x-complete lattice such that
the identity element of the monoid is the top element of the lattice, and
the monoid multiplication distributes across x-joins. x-morphisms preserve
all relevant structure. The category is kQnt. 0-quantales have no order,
and are therefore simply commutative monoids. We write 0Qnt as CMon.
We refer to co-quantales as simply quantales, and write coQnt as Qnt.

@ By distributivity, x - y is monotone in both variables.
e xy < x,y, since 1 is the top, and x-0=0since x-0<1-0=0.

@ xy = x Ay iff the monoid is idempotent, since in that case z < x, y
implies z=z-z < x-y.
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K-quantales

For the purposes of this talk,

Definition

A x-quantale is a commutative monoid and a x-complete lattice such that
the identity element of the monoid is the top element of the lattice, and
the monoid multiplication distributes across x-joins. x-morphisms preserve
all relevant structure. The category is kQnt. 0-quantales have no order,
and are therefore simply commutative monoids. We write 0Qnt as CMon.
We refer to co-quantales as simply quantales, and write coQnt as Qnt.

By distributivity, x - y is monotone in both variables.

@ xy < x,y, since 1 is the top, and x-0=0sincex-0<1-0=0.

@ xy = x Ay iff the monoid is idempotent, since in that case z < x, y
implies z=z-z < x-y.

@ The ideals of a commutative ring with unit form a quantale.
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Let R be a binary relation on a quantale L.

Definition
An element s € S is said to be R-saturated, or simply saturated, if

Va,b,c aRb = (ac <siff bc <'s).

The set of all saturated elements will be denoted by L/R.
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Definition
An element s € S is said to be R-saturated, or simply saturated, if

Va,b,c aRb = (ac <siff bc <'s).

The set of all saturated elements will be denoted by L/R.

The distributivity a-\/ b; = \/(a- b;) in L can be interpreted as saying that
the mappings (x — a-x) : L — L preserve all suprema, and hence they
are left Galois adjoints.
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The first tool: quantale quotients

Let R be a binary relation on a quantale L.

Definition
An element s € S is said to be R-saturated, or simply saturated, if

Va,b,c aRb = (ac <siff bc <'s).

The set of all saturated elements will be denoted by L/R.

The distributivity a-\/ b; = \/(a- b;) in L can be interpreted as saying that
the mappings (x — a-x) : L — L preserve all suprema, and hence they
are left Galois adjoints. This gives rise to an operation — on L such that

ab<c iff a<b-—c

R. N. Ball and A. Pultr (BLAST) Coproducts and colimits of x-quantales 6 June 2010 5/



R-saturated elements

An element s € S is said to be R-saturated if

Va,b,c aRb = (ac <siff bc <'s).

v

@ The meet of an arbitrary set of saturated elements is saturated.
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R-saturated elements

An element s € S is said to be R-saturated if

Va,b,c aRb = (ac <siff bc <'s).

v

@ The meet of an arbitrary set of saturated elements is saturated.

o If s is saturated then so is x — s for any x.
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R-saturated elements

Definition
An element s € S is said to be R-saturated if

Va,b,c aRb = (ac <siff bc <'s).

Observation

| \

@ The meet of an arbitrary set of saturated elements is saturated.

o If s is saturated then so is x — s for any x.

| A

Proof.
Suppose aRb. Then

ac< x—os<=ax<s<=bcx<s<=bc<x—s

R. N. Ball and A. Pultr (BLAST) Coproducts and colimits of x-quantales 6 June 2010 6/



quotient map

Definition

Define a mapping g = (x — A s):L— L/R.
x<sel/R
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The quotient map

Define a mapping g = (x — A s):L— L/R.
x<sel/R

v
Lemma

@ x < u(x), p is monotone, and pu(x) = pu(x),
Q@ u(xy) = p(p(x)u(y)).

A\
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The quotient map

Definition

Define a mapping g = (x — A s):L— L/R.
x<selL/R

Lemma

@ x < u(x), p is monotone, and pu(x) = pu(x),
Q@ u(xy) = p(p(x)u(y)).

Theorem

| \

L/R is a complete lattice, and if it is endowed with the multiplication

x %y = p(xy) it becomes a quantale and ug becomes a quantale
morphism L — L/R.
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The quotient map

Definition

Define a mapping g = (x — A s):L— L/R.
x<selL/R

Lemma

@ x < u(x), p is monotone, and pu(x) = pu(x),
Q@ u(xy) = p(p(x)u(y)).

Theorem

| \

L/R is a complete lattice, and if it is endowed with the multiplication

x %y = p(xy) it becomes a quantale and ug becomes a quantale
morphism L — L/R.

If aRb then ugr(a) = ug(b), and for every k-morphism h: L — M such
that aRb = h(a) = h(b) there is a unique quantale morphism

h:L/R — M such that hug = h. Moreover, h(a) = h(a) foralla € L/R.
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We begin by describing F°S, the free x-quantale over a commutative
monoid S.
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The second tool: the free k—quantale over a A-quantale

The forgetful functor kQnt — AQnt has a left adjoint, which we label S}‘L

We begin by describing F°S, the free x-quantale over a commutative
monoid S. Fix x > 0.
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The second tool: the free k—quantale over a A-quantale

The forgetful functor kQnt — AQnt has a left adjoint, which we label 3§

We begin by describing F°S, the free x-quantale over a commutative
monoid S. Fix x > 0.

Definition

A pre-ideal in a commutative monoid S is a subset U C S such that

uvelU&seS — usel.

R. N. Ball and A. Pultr (BLAST)

Coproducts and colimits of x-quantales

6 June 2010 8 /21



The second tool: the free k—quantale over a A-quantale

The forgetful functor kQnt — AQnt has a left adjoint, which we label 3§
We begin by describing F°S, the free x-quantale over a commutative
monoid S. Fix k¥ > 0.

Definition

A pre-ideal in a commutative monoid S is a subset U C S such that
uclU&seS = wuscl.
The pre-ideal generated by an arbitrary subset A C S is

[Al={as:acA seSt=]a.
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The second tool: the free k—quantale over a A-quantale

The forgetful functor kQnt — AQnt has a left adjoint, which we label Sﬁ

We begin by describing F°S, the free x-quantale over a commutative
monoid S. Fix x > 0.

Definition

A pre-ideal in a commutative monoid S is a subset U C S such that
velU&seS — wusel.
The pre-ideal generated by an arbitrary subset A C S is

[Al={as:acA seSt=]a.

The smallest pre-ideal containing an element a € S is the principal
pre-ideal

[a] = {as:s € S}.
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Properties of pre-ideals

Though a pre-ideal need not be a downset, a downset is a pre-ideal in any
quantale,
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Properties of pre-ideals

Though a pre-ideal need not be a downset, a downset is a pre-ideal in any

quantale, and the pre-ideals of a meet-semilattice are exactly the
downsets. In that case [a] = |a.
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Properties of pre-ideals

Though a pre-ideal need not be a downset, a downset is a pre-ideal in any
quantale, and the pre-ideals of a meet-semilattice are exactly the
downsets. In that case [a] = |a.

Lemma

Let S be a commutative monoid.

Q IfU;, i €, are pre-ideals then so is | J; U;.

@ IfU and V are pre-ideals then U-V = {uv:ue€ U, ve V} isa
pre-ideal. This operation is associative and commutative. If the
monoid is idempotent, i.e., a meet semilattice, then U - U = U.

Q@ U-S=U.
O U-(UVi)=UU-V).
Q [a] - [b] = [ab], and [1] = S.
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Properties of pre-ideals

Though a pre-ideal need not be a downset, a downset is a pre-ideal in any
quantale, and the pre-ideals of a meet-semilattice are exactly the
downsets. In that case [a] = |a.

Lemma

Let S be a commutative monoid.

Q IfU;, i €, are pre-ideals then so is | J; U;.

@ IfU and V are pre-ideals then U-V = {uv:ue€ U, ve V} isa
pre-ideal. This operation is associative and commutative. If the
monoid is idempotent, i.e., a meet semilattice, then U - U = U.

Q@ U-S=U.
O U-(UVi)=UU-V).
Q [a] - [b] = [ab], and [1] = S.

The content of this lemma is that the family of pre-ideals on S forms a
quantale in the inclusion order.
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Properties of pre-ideals

Though a pre-ideal need not be a downset, a downset is a pre-ideal in any
quantale, and the pre-ideals of a meet-semilattice are exactly the
downsets. In that case [a] = |a.

Lemma

Let S be a commutative monoid.

Q IfU;, i €, are pre-ideals then so is | J; U;.

@ IfU and V are pre-ideals then U-V = {uv:ue€ U, ve V} isa
pre-ideal. This operation is associative and commutative. If the
monoid is idempotent, i.e., a meet semilattice, then U - U = U.

Q@ U-S=U.
O U-(UVi)=UU-V).
Q [a] - [b] = [ab], and [1] = S.

The content of this lemma is that the family of pre-ideals on S forms a
quantale in the inclusion order. Note: order from no order.
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The free x-quantale over a commutative monoid
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The free x-quantale over a commutative monoid

For a commutative monoid S let

S ={[A: A S},
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The free x-quantale over a commutative monoid

Definition

For a commutative monoid S let
S ={[A: A S},
Define the mapping

p25:5—>{§255(ar—>[a], acs).

Abbreviate p2 s to p2.
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The free x-quantale over a commutative monoid

Theorem

p% : S — FUS is the free k-quantale over the commutative monoid S.
That is, for every x-quantale L and monoid homomorphism h: S — L
there is precisely one k-morphism f : S — L such that the diagram

f
FS — L

A

S

S
commutes.
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The free x-quantale over a A-quantale, A > 0
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The free x-quantale over a A-quantale, A > 0

We can expect to construct this object by
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The free x-quantale over a A-quantale, A > 0

We can expect to construct this object by

o first forgetting the order on L, i.e., applying the forgetful functor to
CMon,
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The free x-quantale over a A-quantale, A > 0

We can expect to construct this object by

o first forgetting the order on L, i.e., applying the forgetful functor to
CMon,
@ then passing to S,QL, the free x-quantale over the monoid L,
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The free x-quantale over a A-quantale, A > 0

We can expect to construct this object by

o first forgetting the order on L, i.e., applying the forgetful functor to
CMon,

@ then passing to S,QL, the free x-quantale over the monoid L,

e and then factoring F0L by the relation R which forces the insertion of
L into S,QL to respect x-joins.
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The free x-quantale over a A-quantale, A > 0

We can expect to construct this object by

o first forgetting the order on L, i.e., applying the forgetful functor to
CMon,

@ then passing to §2L, the free x-quantale over the monoid L,

e and then factoring F0L by the relation R which forces the insertion of
L into &’,QL to respect x-joins.

Definition
A A-ideal in a A-quantale L is a downset U C L such that \/ A € U for all
AC, U.
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The free x-quantale over a A-quantale, A > 0

We can expect to construct this object by

o first forgetting the order on L, i.e., applying the forgetful functor to
CMon,

@ then passing to %,CQL, the free x-quantale over the monoid L,

e and then factoring F0L by the relation R which forces the insertion of
L into %’QL to respect x-joins.

A A-ideal in a A-quantale L is a downset U C L such that \/ A € U for all
A C, U. Denote the smallest A-ideal containing A C L by

(A= L{VB:BC A}

Let
FeL={(A)): ACk L},
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The free x-quantale over a A-quantale, A > 0

We can expect to construct this object by

o first forgetting the order on L, i.e., applying the forgetful functor to
CMon,

@ then passing to %,CQL, the free x-quantale over the monoid L,

e and then factoring F0L by the relation R which forces the insertion of
L into %’QL to respect x-joins.

Definition
A A-ideal in a A-quantale L is a downset U C L such that \/ A € U for all
A C, U. Denote the smallest A-ideal containing A C L by

(A= L{VB:BC A}

Let
Fel={(A)y:ACk L},
and let p}, (a): L > FrL=(a— |a, a€L).
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The free x-quantale over a A-quantale, A > 0

We can expect to construct this object by

o first forgetting the order on L, i.e., applying the forgetful functor to
CMon,

@ then passing to %,CQL, the free x-quantale over the monoid L,

e and then factoring F0L by the relation R which forces the insertion of
L into %’QL to respect x-joins.

Definition
A A-ideal in a A-quantale L is a downset U C L such that \/ A € U for all
A C, U. Denote the smallest A-ideal containing A C L by

(A= L{VB:BC A}

Let
Sl ={(A):ACk L},
and let p}, (a) : L — AL = (a—— |a, a € L). Abbreviate p2, to p}.
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The x-free quantale over a A-quantale, A > 0

Theorem

Let L be a A-quantale. Then F)L is a quantale with respect to the
operations

U-V= |{uv:uel, veV},
\VVi= 1{\/A:A9Uv,}
| /

In fact, p}, (a) : L — ) is the free k-quantale over L.
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A-coherent x-quantales
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized.
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized. Even more surprisingly, M
can be recovered from L.
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized. Even more surprisingly, M
can be recovered from L.

Definition

Let L be a x-quantale. An element a € L is called a A-element if for all
A Ci L such that \/ A > a there is some Ay C, A such that \/ Ay > a.
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized. Even more surprisingly, M
can be recovered from L.

Definition

Let L be a x-quantale. An element a € L is called a A-element if for all
A Ci L such that \/ A > a there is some Ay C, A such that \/ Ay > a.
The set of A-elements of L is designated & L.
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized. Even more surprisingly, M
can be recovered from L.

Definition

Let L be a x-quantale. An element a € L is called a A-element if for all
A Ci L such that \/ A > a there is some Ay C, A such that \/ Ay > a.
The set of A-elements of L is designated €' L. This set is evidently closed
under A-joins,
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized. Even more surprisingly, M
can be recovered from L.

Definition

Let L be a x-quantale. An element a € L is called a A-element if for all
A Ci L such that \/ A > a there is some Ay C, A such that \/ Ay > a.
The set of A-elements of L is designated €' L. This set is evidently closed
under A-joins, and we call L A-coherent if €5 L forms a generating
sub-A-frame of L.
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized. Even more surprisingly, M
can be recovered from L.

Definition

Let L be a x-quantale. An element a € L is called a A-element if for all
A Ci L such that \/ A > a there is some Ay C, A such that \/ Ay > a.
The set of A-elements of L is designated €' L. This set is evidently closed
under A-joins, and we call L A-coherent if €5 L forms a generating
sub-A-frame of L. More explicitly, L is A-coherent if

@ every element of L is a supremum of a x-set of A-elements,
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized. Even more surprisingly, M
can be recovered from L.

Definition

Let L be a x-quantale. An element a € L is called a A-element if for all
A Ci L such that \/ A > a there is some Ay C, A such that \/ Ay > a.
The set of A-elements of L is designated €' L. This set is evidently closed
under A-joins, and we call L A-coherent if €5 L forms a generating
sub-A-frame of L. More explicitly, L is A-coherent if

@ every element of L is a supremum of a x-set of A-elements,

@ the product of finitely many A-elements is a A-element,
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A-coherent x-quantales

It is a surprising fact that those x-quantales L which are free over some
A-quantale M can be intrinsically characterized. Even more surprisingly, M
can be recovered from L.

Definition

Let L be a x-quantale. An element a € L is called a A-element if for all
A Ci L such that \/ A > a there is some Ay C, A such that \/ Ay > a.
The set of A-elements of L is designated €' L. This set is evidently closed
under A-joins, and we call L A-coherent if €5 L forms a generating
sub-A-frame of L. More explicitly, L is A-coherent if

@ every element of L is a supremum of a x-set of A-elements,

@ the product of finitely many A-elements is a A-element,

@ and 1 is a A-element. )
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A-coherent x-quantales

A K-quantale is A-free iff it is A-coherent.
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A-coherent x-quantales

A K-quantale is A-free iff it is A-coherent. More precisely, we have the
following.

@ For any A-quantale L, F}L is A-coherent and

M ={la:aclL}.
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A-coherent x-quantales

A K-quantale is A-free iff it is A-coherent. More precisely, we have the
following.

@ For any A-quantale L, F}L is A-coherent and

M ={la:aclL}.

@ For any A-coherent k-frame L, the inclusion €5 L — L lifts to an
isomorphism FrEXL — L.
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A-coherent x-quantales

A K-quantale is A-free iff it is A-coherent. More precisely, we have the
following.

@ For any A-quantale L, F}L is A-coherent and

M ={la:aclL}.

@ For any A-coherent k-frame L, the inclusion €5 L — L lifts to an
isomorphism FrEXL — L.

This result directly generalizes to x-quantales Madden's corresponding
result for k-frames.
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K-quantale quotients
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K-quantale quotients

We can now handle quotients of k-quantales by a simple application of the
functor F*.
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K-quantale quotients

We can now handle quotients of k-quantales by a simple application of the
functor §*.Given a binary relation R on a x-quantale L,
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K-quantale quotients

We can now handle quotients of k-quantales by a simple application of the
functor §*.Given a binary relation R on a x-quantale L,

@ first pass to §*L, the free quantale over L,
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K-quantale quotients

We can now handle quotients of k-quantales by a simple application of the
functor §*.Given a binary relation R on a x-quantale L,
@ first pass to §*L, the free quantale over L,

o factor F*L by the relation R = {(la, | b): aRb}, getting quotient
map j: §°L — §*L/R,
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K-quantale quotients

We can now handle quotients of k-quantales by a simple application of the
functor §*.Given a binary relation R on a x-quantale L,
@ first pass to §*L, the free quantale over L,
o factor F*L by the relation R = {(la, | b): aRb}, getting quotient
map p : §L — F*L/R,
o and the desired quotient map is the range restriction of
uoj : L — F°L/R.
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K-quantale quotients

We can now handle quotients of k-quantales by a simple application of the
functor §*.Given a binary relation R on a x-quantale L,
@ first pass to §*L, the free quantale over L,
o factor F*L by the relation R = {(la, | b): aRb}, getting quotient
map p : §L — F*L/R,
o and the desired quotient map is the range restriction of
uoj : L — F°L/R.

A x-ideal U on L is R-saturated iff

Vabcel (aRb= (ace U< bce l)).

We denote by (A)y the smallest R-saturated x-ideal containing a subset
AC L.
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K-quantale quotients

Theorem

Let L be a x-quantale, k > 0, and let R be a binary relation on L. Then

the R-saturated k-ideals form a quantale in the order inherited from F*L,
and the map

(ar—(a)g): L—{(a)g:a€ L}

is a kQnt-quotient of L by the smallest x-congruence containing R.
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6 June 2010 17 /21



Colimits
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Colimits

Let D = (Lj, ¢jj); be a diagram in xQnt.

R. N. Ball and A. Pultr (BLAST) Coproducts and colimits of x-quantales 6 June 2010 18 /



Let D = (L;, ¢jj); be a diagram in kQnt. Consider the colimit
(6;: Li — S); in CMon,
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Let D = (L;, ¢jj); be a diagram in kQnt. Consider the colimit
(6;: Li — S); in CMon, embed S in 3"25 via pgs,
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Let D = (L;, ¢jj); be a diagram in kQnt. Consider the colimit
(6;: Li — S); in CMon, embed S in 3"25 via pgs, and then factor 325 by
the smallest congruence which forces the p%4;'s to respect x-joins.

R. N. Ball and A. Pultr (BLAST) Coproducts and colimits of x-quantales 6 June 2010 18 / 21



Colimits

Let D = (L;, ¢jj); be a diagram in kQnt. Consider the colimit
(6;: Li — S); in CMon, embed S in 325 via pgs, and then factor 325 by
the smallest congruence which forces the pgcs,-’s to respect x-joins.

Definition

A pre-ideal U C S is saturated iff it satisfies the following conditions.
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Colimits

Let D = (L;, ¢jj); be a diagram in kQnt. Consider the colimit
(6;: Li — S); in CMon, embed S in 325 via pgs, and then factor 325 by
the smallest congruence which forces the pgcs,-’s to respect x-joins.

Definition

A pre-ideal U C S is saturated iff it satisfies the following conditions.

@ Forallielandalla<binl; andforalls €S, if §; (b)s € U then
di(a)s e U.
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Colimits

Let D = (L;, ¢jj); be a diagram in kQnt. Consider the colimit
(6;: Li — S); in CMon, embed S in 325 via pgs, and then factor 325 by
the smallest congruence which forces the pgcs,-’s to respect x-joins.

Definition

A pre-ideal U C S is saturated iff it satisfies the following conditions.

@ Forallielandalla<binl; andforalls €S, if §; (b)s € U then
di(a)s e U.

Q Foralliel and AC, L; with b=V A, and for all s € S, if
di(a)s € Uforall a€ Athen d;(b)s e U.
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Colimits

Let D = (L;, ¢jj); be a diagram in kQnt. Consider the colimit
(6;: Li — S); in CMon, embed S in {37,35 via P25v and then factor 525 by
the smallest congruence which forces the pgcs,-’s to respect x-joins.

Definition

A pre-ideal U C S is saturated iff it satisfies the following conditions.
@ Forallielandalla<binl; andforalls €S, if §; (b)s € U then
di(a)s e U.
Q Foralliel and AC, L; with b=V A, and for all s € S, if
di(a)s € Uforall a€ Athen d;(b)s e U.

Let [A]p designate the smallest R-saturated pre-ideal containing a subset
ACS.
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Colimits

Let D = (L;, ¢jj); be a diagram in kQnt. Consider the colimit
(6;: Li — S); in CMon, embed S in {37,35 via P25v and then factor 525 by
the smallest congruence which forces the pgcs,-’s to respect x-joins.

Definition
A pre-ideal U C S is saturated iff it satisfies the following conditions.

@ Forallielandalla<binl; andforalls €S, if §; (b)s € U then
di(a)s e U.

Q Foralliel and AC, L; with b=V A, and for all s € S, if
di(a)s € Uforall a€ Athen d;(b)s e U.

Let [A]p designate the smallest R-saturated pre-ideal containing a subset

ACS. Let _
L={[Alg: A< L},

and let v;: L; — L= (a+— [a]p, a € A).
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Colimits

(’y,- L — Z) is a kKQnt colimit of the diagram D = (L;, ¢ij);.
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(’y,- L — Z) is a kKQnt colimit of the diagram D = (L;, ¢ij);.

This directly generalizes to k-quantales Johnstone's construction of the
frame colimit.
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Coproducts

This description of the colimit specializes to coproducts.
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This description of the colimit specializes to coproducts. The

simplification occurs because the underlying CMon coproduct S is
transparent.
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This description of the colimit specializes to coproducts. The
simplification occurs because the underlying CMon coproduct S is
transparent. The resulting kQnt coproduct construction is intuitive and
explicit; and lends itself to a characterization in general terms.
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Coproducts

This description of the colimit specializes to coproducts. The
simplification occurs because the underlying CMon coproduct S is
transparent. The resulting kQnt coproduct construction is intuitive and
explicit; and lends itself to a characterization in general terms.

Theorem

Let k > 0. A family (v; : Li — L), of k-morphisms is a kQnt coproduct of
the family (L;), iff it has these properties.
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Coproducts

This description of the colimit specializes to coproducts. The
simplification occurs because the underlying CMon coproduct S is
transparent. The resulting kQnt coproduct construction is intuitive and
explicit; and lends itself to a characterization in general terms.

Theorem

Let k > 0. A family (v; : Li — L), of k-morphisms is a kQnt coproduct of
the family (L;), iff it has these properties.

@ U, v, [Li] generates L.
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Coproducts

This description of the colimit specializes to coproducts. The
simplification occurs because the underlying CMon coproduct S is
transparent. The resulting kQnt coproduct construction is intuitive and
explicit; and lends itself to a characterization in general terms.

Theorem

Let k > 0. A family (v; : Li — L), of k-morphisms is a kQnt coproduct of
the family (L;), iff it has these properties.

@ U, v, [Li] generates L.
@ Foranyly C, J and i Ci J, and for any choice of a; € L;, i € Iy,
and bj € Lj,jE I,

|I_|U,' (a,-) < \/Uj (bj) —dje IhNh (a,- < b,').
o
h
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Free x-quantales (over sets)

This description of coproducts specializes to free x-quantales.
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Free x-quantales (over sets)

This description of coproducts specializes to free xk-quantales. This is the
generalization to kQnt of Whitman's condition for distributive lattices.
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Free x-quantales (over sets)

This description of coproducts specializes to free xk-quantales. This is the
generalization to kQnt of Whitman's condition for distributive lattices.

Theorem

Let L be a x-quantale, k > 0, generated by a subset X. Then L is freely
generated by X iff for any Xo C, X and Y Cy X, and for any choice of
integers ny,my € Z*, x € Xo, y € Y,

)I:IX”XS\/y"’y:>E|x€XoﬂY (nx > my).
0
Y
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