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Let 1 be an infinite cardinal, and let < be the well-ordering of 1 x 1 we used
earlier!, which is defined as follows: for any d,¢, 8, € € p,

(0,€) < (8',€) <= max(d,e) < max(d',€), or

max(d, €) = max(d’,€'), § =4 and € < €.
(i) Show that (u x p, <) and (u, <) are isomorphic well-ordered sets.

Proof. Since (u X u, <) is a well-ordered set of the same cardinality as
(1, <), it suffices to show that (u x u, <) has the order isomorphism type
of a cardinal. To do this, it suffices to show that for any (a, 8) € pux p, the
set pred,,,., ~(«, ) has strictly smaller cardinality than u. But we have

pred, ., <(a, 8) € (max(a, B) +1) x (max(a, §) + 1),
S0
pred,, < (e, B)] < [(max(a, ) +1) x (max(e, ) + )| < pp- p = p.

O

(ii) Use the statement in part (i) and the General Associative Law for cardi-
nal multiplication to prove Theorem 4.7 on the handout “The Axiom of
Choice. Cardinals and Cardinal Arithmetic”.

Proof. Suppose that u is an infinite cardinal and (k, : a < p) is a system
of nonzero cardinals such that k., < kg whenever a < 8 < . We have to

show that .
H Ra = ( U K@)#'

a<p a<p

ISee the proof of Theorem 4.1 on the handout “The Axiom of Choice. Cardinals and
Cardinal Arithmetic”.



It is easy to see that

H Ko < (U Ka)t.

a<p a<p

Let ¢ : (uxp, <) = (p, <) be an order isomorphism (existence guaranteed
by part (i)). For any 8 < p, the sequence (3,7)<, is unbounded in
p % p. Therefore (¢(8,7))y<, is an unbounded sequence in p. Then by

monotonicity,
C
H Ke(B,y) 2 U Kp(B.ry) = U Ko
Y<up y<up a<p

Then by the General Associative Law,

c

H Ka = H KB,y = H H Ke(B,y) = H U Ka = ( U Fa).

a<p (Byv)Emxp B<py<p B<pa<p a<p
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